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It is somewhat remarkable that, whilst almost every 
department of human knowledge has been simplified 
and brought down to the level of ordinary capacities, 
scarcely any attempt has been made to simplify and 
illustrate by familiar examples one of the most elegant 
and useful branches of mathematical science. Most 
of the existing works on the Differential and Integral 
Calculus are written for the use of '* Students in the 
Universities," and require a previous knowledge of 
almost every branch of Pure Mathematics. It is 
quite obvious, however, that the great leading princi- 
ples of this science may be communicated to youth at 
a much earlier period, and with much less acquaint- 
ance with the other branches of mathematics than is 
generally supposed. The pupil may begin to study 
the Differential and Integral Calculus after he has ac- 
quired the elements of Geometry, and the principles 
of Algebra as far as the end of quadratic equations. 
Instead of continuing to prosecute his algebraic stu- 
dies through the Theory of Equations, Indeterminate 
Problems, Diophantine Analysis, &c. he might advan- 
tageously at this period be made acquainted with the 
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VI PREFACE. 

simpler applications of Algebra to Geometry, the Ele- 
ments of Plane Trigonometry, and the Principles of the 
Calculus. This will be found to be not only a simpler 
course^ but the one that will be most interesting to the 
pupil, and most useful in expanding his miderstanding 
by a new mode of thinking and reasoning. The Flux- 
ionary or Differential and Integral Calculus has within 
these few years become almost entirely a science of 
symbols and mere algebraic formulae, with scarcely 
any illustration or practical application. Clothed as 
it is in a transcendental dress, the ordinary student is 
afraid to approach it ; and even many of those whose 
resources allow them to repair to the Universities 
do not appear to derive all the advantages which 
might be expected from the study of this interesting* 
branch of mathematical science. Professor Airy, in 
his elegant work on '< Gravitation,*' remarks, *^ It is 
known to every one who has been engaged in the 
instruction of students at our universities, that the 
results of the Differential Calculus are received by 
many rather with the doubts of imperfect faith than 
with the confidence of rational conviction.'' This in 
all probability arises, not so much from the nature 
of the subject itself, as from the abstract analytical 
form in which it is presented to the. mind, and the 
total want of geometrical, arithmetical, and familiar 
illustration. 

Most writers on this subject seem to have paid 
too little attention to the distinction between the 
mere analytical operations and the philosophy of the 
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science, and hence the examples and exercises given 
at the very commencement are as difficult as those 
given in the more advanced parts of the subject. 
<< It is to be regretted/' says Mr. Woolhouse, in his 
neat and comprehensive Essay on the Principles of 
the Calculus, << that most of our academical treatises 
on this as well as other subjects, abound so much 
with complex algebraic processes, without the slight- 
est traces of logical reasoning to exercise and im- 
prove the intellect. We should bear in mind that the 
simple execution of analytical operations acquired 
by dint of practice and experience, is a mere com- 
mon species of labour, often merely mechanical, whilst 
a distinct apprehension of tlie specific object and 
meaning of the operations, and a contemplation of 
the clearness and beauty of the various arguments 
employed, constitute the intellectual lore that grati- 
fies and enriches the mind, and stimulates its energies 
with an ardour after the investigation of truth." 

The plan adopted in the present work is founded 
on the same process of thought by which we arrive 
at actual discovery, namely, hy proceeding step by 
step from the simplest particular examples till the priU' 
ciple unfolds itself in aU its genercdity. Again, the Dif- 
ferential Calculus is generally taught as one science, 
and the Integral as another; whereas, according to 
the plan here adopted, they are made to travel hand- 
in-hand till they arrive at the point where the former 
naturally stops and the latter advances through fer- 
tile regions without requiring further aid from its 
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companion. This plan embraces perhaps as much 
matter as it will be found practicable to teach in our 
schools and academies, and in the elementary classes 
in many of our colleges and universities. 

As this little volume is expressly designed for the 
use of young persons, I have preferred a simple and 
even familiar style to the formal and more dignified 
language used in works of higher pretension. If I 
have succeeded in leading the pupil by easier grada- 
tions than other writers, from the mere elements of 
geometry and algebra to a knowledge of the funda- 
mental principles of the most important branch of 
mathematical science, I shall have succeeded in ac- 
complishing the task I imposed on myself; and even 
if I have not succeeded to the extent I could have 
wished, the work will nevertheless, I trust, be useful 
to an extensive class of students, who are anxious to 
know the leading principles of the science, but who 
find themselves unable to proceed beyond the first 
few pages of the ordinary treatises on the subject. 

Lmdrniy lOth Dec. 1835. 
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PART I. 

V 

CONTAINING PRINCIPLES, RULES, AND EXERCISES. 



INTRODUCTION. 

(1.) In the solution of problems by Algebra 
certain quantities are given, and it is required to 
determine the value of others from the relation 
they bear to those that are known. These quan- 
tities, whether known or unknown, are supposed 
to retain their values during the whole process 
of calculation. In the solution of problems, or 
other investigations, by means of the Differential 
Calculus, there are certain quantities which always 
retain the same values, whilst others are supposed 
to increase or decrease at a uniform rate. The 
former are called Constant Quantities^ and are re- 
presented by the first letters of the alphabet, a, 6, c, 
&c. ; the latter are called Variable Quantities^ and 
are represented by the last letters ^, y, z. 

B 
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(2.) Variable quantities are generally confined 
within certain limits^ while others, whose value 
depends on these and constant quantities, have 
different limits, which are to be ascertained. 

Let AB be the diameter 
of a circle, and let a line 
begin to move from a uni- 
formly along A B, its extre- 
mity, keeping constantly in 
the circumference of the 
circle, then Ac' and c'd' are 
variable quantities, whilst the diameter of the 
circle is a constant quantity. When the perpen- 
dicular has reached the centre of the circle it is 
equal to the radius, after which it continually 
diminishes till it become at the point b. The 
radius of the circle is therefore the limit of the 
perpendicular. 

(3.) If a regular polygon be inscribed in a 
circle, and if we inscribe another, having twice 
the number of sides, the area of the second will ap- 
proach more nearly to the area of the circle than 
that of the first. By continuing to double the 
number of sides, the area of the polygon will 
approach nearer and nearer to that of the circle, 
and may be made to differ from it by a quantity 
less than any finite quantity. Hence the circle is 
said to be the limit of the inscribed polygon. 
(4.) If we convert -J into a decimal fraction, it 



INTRODUCTION. 3 

becomes .1111, &c. or -J^- + y^ + ToVu* + &c. 
Hence the series approaches to the value of J^, but 
can never equal it, whilst the number of terms is 
finite. We therefore say, ^ is the limit of the 
series. When the number of terms is infinite, the 
sum of the series is ^. 

(5.) If a number be multiplied by another, the 
product becomes less and less as one of the num- 
bers diminishes; hence a x = 0, or is the limit 
of ax when x becomes 0. 

(6.) Every teacher of the mathematics must 
have felt the difficulty of making pupils under- 
stand what we really mean when we say, that 
1 divided by is infinite. Now, the best mode 
of teaching is to make the pupil discover for him- 
self by a series of leading questions, such as tlie 
following : — 

How much is 1 divided by 1 ? Ans. : 1. 

How much is 1 divided by ^? Ans. : 10. 

How much is 1 divided by a fraction, having 1 
for its numerator, and 1 with as many ciphers as 
would reach to one of the fixed stars for its deno- 
minator ? Ans. : 10,000,000, &c. to the fixed 
stars. 

Hence, as the divisor approaches 0, what does 
the quotient approach ? Ans. : Infinity. 

Hence, by an extension of reasoning, when the 
divisor becomes nothing, what is the quotion or 
value of the fraction ? Ans. : Infinite. 
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(7.) After this familiar illustration the teacher 

may prove the property more scientifically thus : — 

1 

-j— - = I -I- x- -h X* -I- *' +, and to infinity. 

When T=l, -Q- == 1 + 1 + 1 -I- 1 +, &c. to 
infinity, which is an infinite quantity. 

(8.) Since the value of a fraction diminishes by 
increasing the denominator, it follows, that when 
the denominator becomes infinitie, the value of the 
fraction, or its limit, is 0. 

(9.) As the denominator of a fraction ap- 
proaches to the value of the numerator, the value 
of the fraction approaches I, and when it becomes 

equal the value is 1. Now — — ^^ ^ and when 



a« 



Hence any quantity raised to the power is 1 . 

The pupil is required to illustrate this property/ 
as in the preceding examples, 

(10.) To find the limit of — ^^^r- when b ap- 
proaches to the value of a, and ultimately becomes 
equal to it. 

By actual division (a^^b^) -7- (a— 6) = a+b, and 
when ar=,by the value or limit is 2a. 
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NUMERICAL ILLUSTRATION. 

Let « = 3 and 6=2, then q ^ = 5. 

Again, let «= 10 and 6 = 9, then iq__q = 19« 

In the first example, 5 approaches to 2 a or 6, and 
differs from it only by ^ of 5. In the second example 
19 differs from 2a or 20 only by the -^ part of 
itself. Hence, as the numbers approach more nearly 
to a rcUio of equality, the value of the expression 
approaches more nearly to 2a. 

This will be rendered clearer if we convert the 
terms into proportional quantities; thus, 

__y = — j— or a'— 6* : a — b:: a -^b :l ::2a: 1 

when a=zb. That is, the ratio between the difference 
of the squares of two numbers, and the difference of 
these numbers, approaches nearer and nearer to the 
ratio of twice the greatest to unity, as these numbers 
approach to a ratio of equality. 

(11.) What is the value of the fraction 

^ ^ 4X+6 

when X becomes infinite P 

Dividing both numerator and denominator by x 

we have f- ; but when .r becomes infinite, the 

4-1-6^ 

X 

5 6 

fractions — and — become nothing. 

X X 

Hence the limit is f or ^. 

b3 
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(12.) What is the limit to which the ratio of 

h to 2xh + h^ approaches as h diminishes, and 

ultimately becomes equal to ? 

h : 2xk -f A* : : l : 2x + h, and when A = 0, the 
^atio is that of 1 to 2x. 

(13.) To determine an expression for the tan- 
gent of a circle. 

Let AB, A£ be lines 
drawn from the point a, 
cutting the circle. Then 

AB X AD = AE X AF *. 

Let AE = ^ and ef =: h, 
then AF = j: + A. And 
AB X AD = (x + h) X = 
x^ -|- j:A S5= x^ = AG*, when 
A = 0. Hence by this 
application of the theory 
of limits we demonstrate 
the property that the rec- 
tangle contained by ab and ad is equal to the square 
of the tangent) which the pupil may see demonstrated 
in a purely geometrical manner in " Euclid's Ele- 
ments." 

From these examples and illustrations the pupil will 
perceive that by the term limit, we mean a fixed 
quantity to which a variable quantity continually ap- 
proaches, by making certain suppositions, and which 
may be made to approach nearer to it than by any 
finite quantity, however small. These suppositions 
are, generally, that one of the quantities becomes 




* Euc. III. 36, or Principles of Geometry, iv. Prop. 2. 
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indefinitely great or indefinitely small, that is, becomes 
infinite or 0, or, that some of the variables become 
equal to constant quantities. 

(14.) The intelligent pupil may now perhaps ask, 

q2 ^2 ^ 

how it happens that, since , = « ^- ft, the first 

side of the equation becomes — , and the second 2a ; 

or, in other words, — = 2« ? The question is a very 

important one, and must be answered to the satis- 
faction of the pupil. When we speak of the limit of 

when a := ft, we do not mean the limit of the 

a — ft 

numerator divided by the limit of the denominator; but 
we mean the limit of the qtu>tient resulting from actu- 
ally dividing the .numerator by the denominator, 
which, when a^=:by is 2a, In the former case we 

oflen arrive at an expression — , which viewed by 

itself is absolutely unintelligible. 

If we make ft = a — A the expression - 

a — ft 

becomes y tt" = 1 ^ 1 — • 

a — (a — a) n n 

Now, if we make A = 0, which is the same thing as 

making a = ft, the limit of the numerator divided 

by the limit of the denominator is — ; but this is not 

the limit we wish to find, that being the limit of the 
quotient resulting from actually dividing the nume- 
rator by the denominator. Now if we actually divide 
by h the quotient is 2a — A, and when A = it be- 
comes 2a, the true limit, as before. 
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Hence, the equation — = 2x = Sx\ &c. deduced 

from taking the term limit in two different senses, 
when means absolutely nothing, is unintelligible, 
and is one of the stumbling-blocks which has been 
unnecessarily thrown in the way of the pupil, and 
that too in the very gate which leads to one of 
the most fertile domains of science. 

EXERCISES. 

1. What is the limit of t when a = 6 ? 3 ^ 

a — 

2. What is the limit of a — rr when x becomes 

infinite? -^ 

xh-^-h^ 

3. What is the limit of the ratio — r — when A= ? ^ 

4. What is the limit to which the ratio of h^ to 
3a:V + Zxh^ -|- h^ approaches as h diminishes, and 
ultimately vanishes ? J.^ 

3^ 
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ON THE FUNDAMENTAL PRINCIPLE OF THE DIFFER- 
ENTIAL CALCULUS, WITH ILLUSTRATIONS. 

(1.) If a variable quantity increase uniformly, 
then other quantities depending on this and con- 
stant quantities, may either increase uniformly or 
according to any variable law whatever. 

1. Thus, if a variable quantity, x, increase uni- 
formly, then 2x or 3a?, or any given number of times 
X, will also increase uniformly. Let x increase uni- 
formly by the quantities 1, 1, 1, &c. then its successive 
values will be x -^ 1, a:+2, ar -|- 3, &c. ; hence if we 
take aXi its corresponding values will he ax -^ a, ax 
+ 2a, ax + 3rt, &c. which increase uniformly by the 
quantity a. It is also obvious, that if a constant 
quantity be added to ax the new value will also go 
on increasing uniformly. Thus, if we take the ex- 
pression ax + b, its successive values will he ax -\- 
a -\- bf ax -{• 2a -\- by ax -\- Sa -^ b ; which obviously go 
on increasing uniformly at the same rate with ax. 

GEOMETRICAL ILLUSTRATION. 

Let ABC be a right- 
angled triangle, and let 
a variable line, de, at 
right angles to ab, 
move uniformly along 
AB, its other extremity, 
remaining in ac, then 
it is obvious this line 
will also increase uni- 
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fonnly, for in every position we have ad : de : : 
ad' ; de'. 

Again, let ek, which ia equal to bd + dk, be the 
new variable line, then, whilst it moves uniformly 
along GH, it will increase at the same uniform rate as 
before. 

FAMILIAR ILLUSTRATION, 

3. Take a small thread of Indian -rubber, and fix it 
between two points ; let it be moved uniformly along 
AB, and at right angles to it, one of the points being 
kept on AB, and the other on ac, and it will increase 
at a uniform rate. 

(2.) It most frequently happens that the quan- 
tities we have to consider do not increase uni- 
formly, whilst the independent variable increases 
at a uniform rate. If, for example, x increase 
uniformly, x" does not increase uniformly. 

For let X increase uniformly by the quantities 1, 1, 
I, so as to become successively x + l,x + 2,x + 3, 
then the values of the squares of these quantities do 
not increase uniformly. By squaring these quantities 
the successive values will be x' + 2x + 1, x' + 4a; + 
4, a;" + 6^: + 9, in which the successive differences are 
iix + l,2x + i,ilx + 9, which are not equal, but go 
on constantly increasing. 

GEOMETRICAL illustration. 

Let AB be the side of a 
square, and let it increase 
uniformly by the increments, 
1, 2, 3, so as to become 
AB + 1, AS + 2, AB + 3, 
&c. and let squares be de- 
scribed on th« new sides. 
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as in the annexed figure ; then it is obvious that 
the square on the side a 1 exceeds that on ab by 
the two shaded rectangles and the small white 
square in the corner. The square described on a2 
has received an increase of two equal rectangles 
with three equal white squares in the corner. The 
square on a3 has received an increase of two equal 
rectangles 9XiAJive equal small squares. Hence, when 
the side increases uniformly the area goes on at an 
increasing rate. 

(3.) When the value of a quantity depends 

upon the particular value of another variable 

quantity, the one quantity is said to be bl function 

of the other. 

Thus, the area of a square, depending on the length 
of its side, is said to be afunctum of the side. The alge- 

,3 
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braic expressions oa?', Va^+a?^ &c. depending 

for their value on that which we assign to 2r, are all 
functions of x. By the term function of ar, then, we 
mean any algebraic expression into which x enters in 
combination with constant quantities. If the ex- 
pression be put equal to a single letter, thus, u = 
'^d^'\-x\ X is called the independent variable, and «/, 
or its equal ^/o^-|-^»^ the dependent variable. 

(4.) The object of the differential calculus, is 
to determine the ratio between the rate of varia- 
tion of the independent variable and that of the 
function into which it enters. 

Ex. If the side of a square increase uniformly, at 
what rate does the area increase when the side be- 
comes X ? 



1 
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Let a? become x+h, then the new area is (a?-|-A)*, 
or x^ + 2xh + h^. Whilst the side increases by h the 
area has increased by \xh + h^. If h denote the rate 
at which x increases, then 2xh •\- h^ would have de- 
noted the rate at which the area increases had that 
rate been uniform. In that case we should have had 
the following proportion: — Rate of increase of the 
side : rate of increase of the area ll h \ 2xh + h\ or 
dividing both terms by A, as 1 : 2j? + ^« But as the 
area of the square goes on increasing more rapidly 
than the side, the quantity 2x -^ his greater than the 
increment, which the area would have received, had 
the rate at which the area was increasing continued 
uniform. Now, the smaller h becomes the nearer 
atAx>^»ai£y does the iticpeq[t^M ^x-\-h approach to that which 
would have resulted had the rate at which the area 
was increasing when the side became x continued 
uniform. Hence, when A = the ratio becomes that 
of 1 to 2j?. 

NUMERICAL ILLUSTRATION. ^ 

If the side of a square increase uniformly at the 
rate of three feet per second, at what rate is the area 
increasing when the side becomes 10 feet ? 1 : 2jp : : 
3 : 6j7. Hence the rate of increase is 6 x 10, or at 
the rate of 60 square it^alkQ per second. 

Definition 1. The imiform rate at which the in- 
dependent variable increases was by Newton called 
its fluxion^ and was represented by a point or dot 
placed above it ; and the rate at which the function 
varied at the same instant, \t% fluxion. 

Thusj if w = x^, then, according to Newton's nota- 
tion, X I u 11 1 : 2ar. 

and ui^^lxx 



FUNDAMENTAL PRINCIPLE. 13 

According to the views and notation of Leibnitz, 
the rate at which a quantity varies uniformly was 
called its differential, and denoted by the letter d 
placed before it, thus dx. Hence the proportion is 
expressed by dx ; du : : 1 : 2x. 

And du = ^xdx» 

The differential of a compound quantity is express- 
ed by inclosing the expression by a parenthesis and 
placing d. before it; thus, d, (a-\-x^) = 2xdx. 

Also d. xy means the differential of the product 
ofay. 

Def. 2. The quantity by which dx is multiplied, 
so as to render it equal to duy is called the Different 
Hal Coefficient; thus 2a? is the differential coefficient. 

The differential of a constant quantity is 0. 

(5.) If the side of a cube vary uniformly, at 

# 

what rate does the solidity vary when the side 
becomes x ? 

Let h = the increment of the side, then the ex- 
pression for the solidity of the new cube will be 
(x + A)^ or x^ + Sx^h + Sxh^ + h% and its incre- 
ment above x^ is Sx^h + Sxh^ + A^. Now, had the 
solidity of the cube varied uniformly we should have 
had the increments proportional to the rates of in- 
crease; or, rate of increase of the side : rate of 
increase of the solidity ; : h : 3x^h + Sxh^ + h\ or 
' as 1 to Sx^ -I- Sxh -I- A' ; but as the solidity goes on 
increasing much more rapidly than that of the side, 
the increment Sx* -|- Sxh + A^ is greater than that 
which would have resulted had the rate at which 
the cube was increasing, when its side became x, 
continued uniform. Now the smaller A becomes, 

c 
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the nearer will this expression approach to S.v\ and 
when A = the ratio becomes 1 to 3x\ Hence, if 
the solidity of the cube whose side is x be represented 
by u or u= x\ then 

dx : du : : i : 3^;*. 

Hence du = ^x^dx, 

NUMERICAL ILLUSTRATION. 

At what rate is the solidity of a cube increasing 
when its side increases at the rate of one inch per 
second, at the moment its side becomes 1 inches ? 

dx : du : : 1 : 3 X lO^ or l to 300. 

Hence, if the rate at which it was increasing at the 
instant its side became 10 inches had been continued 
uniform during the next second, it would have re- 
ceived an increase of 300 cubic inches. 

(6.) If instead of x^y or x', we had employed the 
expressions x^ •\- c or j?' -|- c, and determined the 
ratio of the rate of increase of x to that of x^ + c, or 
x^ + c, or in short, of any expression having a con- 
stant quantity connected with it by the signs plus or 
minus, the ratio would have been found to be the 
same as for x^ or x^, the constant always disappearing 
when the former state of the expression is taken from 
the latter. The pupil may go through the operation 
by substituting a? + A for x. 

(7.) Though we have employed these palpable 
illustrations to give the pupil a clear view of the sub- 
ject, he may now view a function or algebraic ex- 
pression without any reference to geometrical or other 
quantities, and determine an expression for the rate of 
increase of the abstract expression, compared with 
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the uniform rate of the independent variable. He 
has only to substitute x + h Cor x^ and subtract the 
former function from the new value, and find the 
limit to which the ratio approaches when A = 0. 

EXERCISES. 

1. If X increase uniformly at the rate of 1, at what 
rate does the value of the expression a + ^x^ increase 
when a = 4 and a? = 6 ? 

2. If X increase uniformly at the rate of 2, at what 
rate does cta^ increase when a = 4 and a; ^ 10 ? 

3. If X increase uniformly at the rate of .1 per 

second, at what rate does — increase when x becomes 
4, the constant, a being equal to 10?^^ 
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SECTION IL 

NATURE AND OBJECT OF THE INTEGRAL CALCULUS 

ILLUSTRATED. 

(1.) The Integral Calculus is the reverse of 
the Differential Calculus, its object being to de- 
termine the expression or function from which a 
given differential has been derived. Thus we 
have found that the differential of x"^ is 2xdx ; 
therefore, if we have given 2xdx we know that it 
must have been derived from x^ or x* -f C. The 
function from which the given differential has 
been derived is called its Integral, Hence, as we 
are not certain whether the integral has a constant 
quantity or not added to it, we add a constant 
quantity denoted by C, the value of which is to be 
determined from the nature of the problem. 

(2.) The view which we have given of the 
nature of an integral is true as far as it goes ; but 
it frequently happens that we have given a parti- 
cular form of a differential, which cannot be de- 
rived from any algebraic expression. All we can 
do in such a case is, to find by approximation the 
nearest value we can obtain. 

(3.) Leibnitz considered the differentials of 
functions as indefinitely small differences, and the 
sum of these indefinitely small differences as mak- 
ing up the function ; hence the letter s was placed 
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before the diiFerential to show that the sum was 
to be taken. As s had often to be placed before 
a compound expression it was elongated into the 
sign y, which being placed for a differential, de- 
notes that its integral is to be taken. Thus, 

fdx = X + Cy/2xdx = x^ + Cy fSx'dx = ar'^ -f C. 

The sign J]e has lately been introduced to denote 
the integral of a differential whose variable is x ; thus 
A = a? -I-C, /, 2a? = a:^ + C, /« 3ar = ar* + C. 
We shall use the former notation as being that most 
generally employed. 

(4.) Since a constant multiplier or divisor in a 
function is a constant multiplier or divisor in the dif- 
ferential, it follows, that the integral of any differen- 
tial multiplied by a constant quantity is the same as 
the integral of the other part multiplied by the con- 
stant Thus, since the differential of ax is adx, or 
(lax=zadx, it follows thsit Jadx = c^€lx, Hence, a 
constant multiplier, whether whole or fractional, fol- 
lowing the sign J^ may be removed and placed be- 
fore it. 

(5.) If we ask a young pupil to tell us in plain 
language, divested of technical terms, what we really 
mean when we say we have given a certain differen- 
tial to find its integral, he will, generally speaking, 
find himself very much at a loss for a satisfactory 
answer. In plain language, then, we have given 
a quantity which varies uniformly, and the ratio 

c3 
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of its rate of variation with another quantity de- 
pending on it and given quantities, to find the value 
of that quantity. Thus, for example, if we have 
given the differential ^x^dx to find its integral, we 
have given a quantity a?, which varies uniformly, and !j 

the ratio of its variation to that of the quantity 
which we liave to find, viz. the ratio of 1 to ^;r^ to 

find the quantity. Since f^x^dx = a?^, we have oj^ 
the quantity required. 

NUMERICAL EXAMPLE. 

There is a quantity, Xy which increases uniformly at 
the rate of 2 per second^ and the rate of its variation 
compared with another quantity depending on it, is as 
] to ax^ ; required the value of this quantity when 
a = 12 and x = 10. 

Let u = quantity required ; then dx : c?w : ; 1 : aa:^ 

Yievice du = ax^dx. 

And fduy or M = Jaoi^dx = -o— Hence, 
-g- X 10^ X 2 = 8000, the number required. 
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SECTION III. 

INVESTIGATION OF THE RULES FOR DIFFERENTIATING 
AND INTEGRATING THE SIMPLER FORMS OF FUNC- 
TIONS AND DIFFERENTIALS. 



(1.) If we have any two algebraic expressions 
each of which contains x and known quantities, 
and if the value of these expressions be always 
equal to each other whatever value we assign to 
X, then the differential of these expressions must 
be equal to one another. 

This is obvious, for since these quantities are al- 
ways equal, they vary at the same rate, or their 
differentials are equal. 

(2.) If the independent variable or its function 
be multiplied or divided by a constant number, 
that number or quantity remains as a multiplier 
or divisor in the differential; but if it be con- 
nected by the signs pltis or minus it disappears. 

Ex. Find the differential of ax^ -hC 

Substitute x + h for a?, then a{x-^hf -|- c becomes 
ax^ 4- 2axh -f M -f c, and subtracting the primi- 
tive function, the increment is <zxh + ah^. Hence 
dx : differential of or' -f c : : h : axh -h aA^ or, as 
1 to %ix + ah, provided the function had increased 
uniformly, or taking the limit when A = 0, the ratio 
becomes that of 1 to 2ax» Hence, 

Differential of oa?' + c is 2axdx. 
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(3.) To find a rule for differentiating x^ or x^. 

If X become x + h, then by taking the second or 
third power of a? + A, the first term will be. a?'* or a;®, 
and the powers o£x will go on diminishing by 1 till x 
disappear from the result. The coefficient of the 
second term is the same as the index of the power, 
and also contains A as a multiplier. Hence, when the 
increment is divided by A, this quantity entirely dis- 
appears from the second term, but not from the 
others, so that this term remains when the limit is 
taken, whilst all the subsequent terms disappear. 

du 
Hence, i£ u = x\ ^ ^^ ^^> ®^ ^^ ^ 2xdx, 

It u = x% -5- = 3a? , or du = Sardx. 

Rule. Multiply by the index, diminish the 
index by unity, and multiply by the diflferential 
of the variable. 

EXERCISES. 

1 . What is the differential of 4aaf ? 

2. What is the differential of |a?' + ^ ? 

3. What is the differential coefficient of-- — — ? 

b 

4. If X increase uniformly at the rate of 1 per 

second, at what rate is the expression lt_? j^. 

b 

creasing when x becomes 10, a being = 4 and 6 = 6? 

(4.) To find the integral of a differential of the 
form xdx or x^dx. 



RULES FOR DIFFERENTIATING, 21 

Rule. Add one to the index, divide by the 
index thus increased, and by the differential of 
the variable. 

2x^dx 
Ex. f2xdx = "2^ = ar» + C. 



EXERCISES. 

1. What is the integral of xdx ? 

2. What is the integral of ? 

3. The rate of variation of the independent varia- 
ble Xy is to the rate of variation of a certain algebraic 

a 
expression, as 1 to "7"^; it is required to find that 

expression. 



(5.) To find the difi^erential of ^x or !^x. 
Let « = V* = **> tben w* = x. 

dx 

And 2udu = dxy therefore du = — . 

2u 

dx — 1 — X 1 

Hence du = — j = J ar dx ^^ \ x dx. 

In like manner it may be shown, that if «e = l/x 

du ^=- ^ a^^^dx =i ^ X dx. 

Rule. Multiply by the fractional index, dimi- 
nish the index by unity, and multiply by the 
differential of the variable. 
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EXERCISES. 

1. What is the diiFerential of 2x/a?? 

2, What is the differential of — Va? ? 

b 

8. If the area of a square increase uniformly at the 
rate of ^ of a square inch per second, at what rate 
is the side increasing when the area is 100 square 
inches ? 

4. If the solidity of a cube increase uniformly at 
the rate of a cubic inch per second, at what rate is the 
length of the side increasing when the solid becomes 
a cubic foot ? 

(6.) To find a rule for integrating a differen- 
tial of the form x dx, x rfx, x dx^ &c. in which 
the index of x is fractional. 

Rule. Add one to the index, divide by the 
index thus increased, and also by the differential 
of the variable. 

Ex. /i^ . _ J^ dx X 

EXERCISES. 

1. What is the integral o£x dx? 

2. What is the integral ofx^dx? 

dx 

3. What is the integral of --r ? 

1^ X 

adx 

4. What is the integral of 7 1 ? 

O \/ X 
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5. The side of a square increases uniformly at the 
rate of -^^ of an inch per second; what is the area of 
the square when it is increasing at the rate of a 
square inch per second ? 

(7.) To find the differential of the sum or 
difference of two or more functions. 

It is obvious that if the rates at which two quanti- 
ties increase be added together, the sum will be the 
rate of increase at which the sum of the quantities 
increases; and the difference, the rate at which the 
difference of the quantities increases. 

If there be two independent variables x and t^^ and 
if X increase whilst y decreases, we must consider the 
differential ofy as negative. 

Thus, the differential of (ax + a?) is adx + dxy and 
that of (ax — x) is adx — dx, 

EXERCISES. 

1 . What is the differential of aV + 2aa?^ — x? 

2. What is the differential of (a + xy ? 

3. What is the differential of (a + a;) (a — a?) ? 

X 

4. What is the differential ofa»yx + Jy" — "o"? 

(8.) To integrate an expression consisting of 
any number of differentials connected by the 
signs plus or minus. ^ 

Rule. Take the integral of each separately, 
and connect them by their proper signs. 

Ex. J (2xdx + a^dx — dx) = ar' + ^x^ — x. 
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EXERCISES. 

1. What is the integral of {as^dx + ^^ ) ? 

2. Integrate (aV*cte + ^ — </y) ? 

(9.) To differentiate a compound expression 
raised to the second or third powers. 

Ex. To differentiate {ax + x^f 

Let u = (aa? + a?^)^ then w* = oa? + ar*, 
and \udu = ac?a; + 2a^a?. Therefore 

du =: ij- , substituting the value of w, 

adx 4- 2a:dar ^ , ov^~"*, * ^ i \ 

du = r^ = 2 (aa: + a;M (adx + 2xdx). 

Rule. Multiply by the index, diminish the 
index by unity, and multiply by the diflferential 
of the compound expression, 

Ex. Differentiate (ax^ + st^)% 
d. {ax" + a?')' ^Ha^ '\- ^y (2axdx + SarVa:). 

EXERCISES. 

1. . What is the difiPerential of (1 + a?)'^? 

(X ax^\'^ 

3. What is the differential of (— ^J ? 

4. If X increase uniformly at the rate of .01 per 
second, at what rate is the expression (1 + a?)^ in- 
creasing per second when x becomes 9 ? 
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(10.) To integrate an expression of the form 
{ax -h xy {adx + 2xdx) in which the part fol- 
lowing the compound expression inclosed in a 
parenthesis is the differential of the part inclosed. 

Rule. Add one to the index of the compound 
expression, divide by the index thus increased, 
and also by the differential of the part inclosed in 
parentheses. 

Ex. /(oa: + ai'f (adx + 2xdx) = ^ (aa? + xy. 

EXERCISES. 

1. What is the integral of (a + Sx^Gxclx? 

2. What is the integral of (2a;' — 1) Gx'dx ? 

(11.) To find the differential of the square or 
cube roots of a compound quantity. 



Let u = Va? + oar = (a? + ax)^^ 

Then m' = a? + oar, and 2tuiu = (fe + adx, 

dx -f adx dx -|- adx 



Hence du = 



2w ""2(a? + aa?)i' 



i— 1 
That is, du = j^ (x + ax) (dx + adx). 

Rule. Multiply by the fractional index, dimi- 
nish the index by unity, and multiply by the 
differential of the compound expression. 

EXERCISES. 



I. What is the differential of >/l + a:? 



2. What is the differential of Vo + ar' ? 

D 
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3. Differentiate the function ^—^—\ , 



4. Differentiate the function ^x^+a^/x, 

(12.) To find the integral of a difierential of 
the form (x + ax) {dx + arfx), in which the dif- 
ferential part is the differentia] of the root of the 
compound expression. 

Rule. Add one to the index, and divide by the 
index thus increased, and by the differential of 
the compound quantity. 

Ex. J {x + ax) {dx + adx)=: J^^^^Z^T^ 

= |(.r +ar)*-hC. 

EXERCISES. 

dlx 

1. What is the integral of r ? 

(1 + ^)* 

2. What is the integral of ^a + a:" x 2xdx ? 



n 



SECTION IV. 

ON THE DIFFERENTIATION AND INTEGRATION OF 
EXPRESSIONS CONTAINING TWO INDEPENDENT VA- 
RIABLES. 

It frequently happens in the solution of real pro- 
blems that two variable quantities, whose rates of 
variation are perfectly independent of each other, 
enter into the investigation, and that the rate of vari- 
ation of the function into which they enter is required 
to be determined. When these variable quantities, or 
the expressions into which only one of them enters, 
are connected by the signs plus or minu^^ the rate of 
variation of the compound function will be the sum or 
difference of the rates of its several terms. The only 
two cases then which we have to consider are those 
which involve the products or quotients of these va^ 
riables. 

(11.) To find the differential of the product of 
two variables xy. 

Since (x -|- yf = ar' + 2xy -|- y*, diff. both sides, 
2 (a: + y) (dx + dy)^ 2xdx + d, 2xy + ^ydy^ or divid- 
ing by 2, and multiplying the terms of the first side 
together, xdx + ydx + xdy -|- ydy^ssxdx -j- d.xy'\'ydy^ 
expunging the equal terms from both sides of the 
equation, we have d.acyssz xdy + ydx. 

Rule. Multiply each variable by the differen- 
tial of the other, and add the products. 



28 PRINCIPLES OF THE CALCULUS. 

Cor. To diflferentiate the product of any num- 
ber of variables, multiply each differential by the 
product of the other variables, and take the sum 
of the several products. 

Thus d. SC1/Z =i xydz + xzdy -f yzdx. 

For let V = yz^ then xyz = xv^ and 
d,scv'=' xdv + vdxj but dv ^ ydz + zdy. Hence, by 
substitution, d. xyz •=- xydz + xzdy + yzdx. 

(2.) The rule may also be deduced from the follow- 
ing principle. If we consider one of the variables ta 
retain its value whilst the other changes its magnitude, 
we obtain the rate at which the product varies. If 
we now supposed the last variable t6 remain constant 
whilst the other varies, we obtain the rate of variation 
of the product on this supposition. Hence, if both 
vary together, the sum of the partial rates of variation 
will give the actual rate of variation or the differential 
of the product. Thus, if x remain constant whilst 
y varies, the partial differential of the product will be 
xdy. Again, if y remain constant and x Yarj, the 
partial differential is ydx. Hence, when both vary 
d.xy = xdy + ydx. 

£XERCISES. 

1. If one side of a rectangle vary at the rate of 
I inch per second, and the other at the rate of 2 
inches, at what rate is the area increasing when the 
first side becomes 8 inches and the last 12 ? 

2. If one side of a rectangle increase at the rate 
of 2 inches per second, and the other diminish at the 
rate of 3 inches per second, at what rate is the area 
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increasing or diminishing, when the first side becomes 
10 inches and the second 8? 

3. What is the differential o£xi/^? 

4. What is the differential o£x^^z^? 

5. What is the differential of aar*y + x^y-^ ^/xy ? 
(3.) If we have a differential of the form 

xdy-^ydxy its integral will be xy. 
Thus, y (xdy -^ydx) = xy. 

EXERCISES. 

1 . What is the integral of Bai^y^dy -f 2xi/*dx ? 

2. What is the integral of Bxdy + Sydx ? 

(4.) To find the differential of the quotient of 
two independent variables, that is the differential 

of the fraction -. 

X 

Let u=z ^i then uyizxy and diff. 

tuiy -^ydu^^dxy or ydu^^dx^^ tidy. 
Hence, ^«.=^^=?^^ by substitution. 

Rule. From the differential of the numerator 
multiplied by the denominator, subtract the dif- 
ferential of the denominator multiplied by the nu- 
merator, and divide by the square of the deno- 
minator. 

(5.) This rule will enable us to differentiate a 

variable quantity whether simple or compound, 

raised to a negative index. 

Dd 
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—2 1 

Let it be required to differentiate a? or -p 

,1 dAx a?'— 2xdx x 1 '^2xdx «- 3 , 

a. — - :=s — -— -s — 2x ax. 

XT X* a? • 

Hence, the rule is the same as formerly given for a 
positive index. 



EXERCISES. 



1. What 

2. What 
8. What 

4. What 

5. What 

6. What 



X' 



s the differential of -j? 

IT 

CL I X 

s the differential of ? 

a -fa? 

s the differential of —^ ? 

a-\-x 

s the differential of — ? 

X 



s the differential of 



s the differentia] of 



1 



v^a? 



=3? 



s/a-\-x 

(6 ) By observing the forms of the differentials 
of the above expression, the pupil will see by in- 
spection, the particular fraction from which they 
resulted. 

Thus,/ y^-^^ £. 
y" y 



EXERCISES. 



1. 
2, 



Integrate i^^-??!^^., 

4/ 

What is the integral of 



'dx 



o*-f2aa?-|-a?*'' 



i 
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SECTION V. 

ON THE DIFFERENTIATION AND INTEGRATION OF 
FUNCTIONS HAVING GENERAL INDICES. 

In the preceding part we confined the attention 
of the pupil entirely to the simple forms of expres- 
sion, in order that he might see more clearly the 
great leading principle of the calculus. We shall 
now show him that the rules obtained for the 
lower powers and roots, apply to all powers and 
roots of the same functions. 

(1.) To find the diflPerential of i'". 
Let u=^af* and M'=(a7-|-A)». 

Then, w'=:a?**-f w««-'A-f-». ^Y~^"'^^' + ' ^^- ^y 
the Binomial Theorem. 

Hence, u'-^uzsnx*' h-\-n,—Q-x*^ ^*-|-, &c. 

^'—^ n-l , «— 1 «-2, , o 

Hence, taking the limit when A=0, we have 

-j—siznx and du=^nx " dx, which is exactly the 
same form as for a?* or or*. 
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(2.) To differentiate x . 

I 
Let M=a?" , then u =a?, raising both sides to the 

n^ power. Hence nu*^^du=dx, by differentiating, 

and du=z — ^—^ = — ^a?" dx. 
nu ^ 

1 -L 

(3.) To differentiate — , also j;. 



Since the differential of I is 0, if these expressions 
be differentiated by the rule for fractions, we have 

, —n — »-i , ndx 

a.x = — nx dx=z — 



ac^\-^ 



Also c/.ar" = a?" ~ cfe= — 



nx 



(4.) To differentiate {a+xy. 

Let «=(«+«?')", then w*=o-f;ir-. 

I ^ - 1 2xdx 

And - M** du^ 2xdxy and rfw = t- 7 — r- 



n 



Hence> dussn {a+ar) 2xdx, by substituting the 
value of «f. 
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(5.) Todifrerentiate(a-fa:2) . 

1 
Let M=(a H-ar^)** , then u*= a -\-x% 

and WM au=2xdx9 du=. — ^^j* 



nu 



i-i 



Hence du=: — (a -f x^) " 2ax£r. 



1 



(6,) To difTerentiate ^ gvn or — 

These expressions being differentiated by the 
Rule for fractions. 

The rules for all these expressions may be thus 
stated. 

Rule. Multiply by the index, diminish the 
index by unity, and multiply by the differential 
of the root. 



EXERCISES. 



1. What is the differential of or ? 



a 1 



2. What is the differential of — x^ H-C ? 

b 
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3. What is the differential of \ ? 



4. Differentiate — C? 

5. Differentiate (ar'+ar*"/. 

a 



6. Differentiate 



7. Differentiate 



1 



8. Differentiate 



aJ^a-^-xf 

X 



1-ar 



9. What is the differential of — ? 

10. What is the differential of -5 2? 

^— y 

Obs. The learner should write down the dif- 
ferentials which he obtains, shut the book, and 
endeavour by the reverse operation to obtain the 
integrals, which he will then compare with the 
above expressions to ascertain their identity. 
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SECTION VI. 

ON THE REDUCTION OF DIFFERENTIALS TO KNOWN 
FORMS, INTEGRATION BY SERIES, AND DEFINITE 
INTEGRALS. 

(1.) In the preceding part we have only consi- 
dered the modes of finding the integrals of those 
differentials which were derived from functions of 
a particular form; the rules in all these cases 
being the reverse of those employed for differen- 
tiating. If the pupil meet with differentials which 
differ from the forms, with which he is now sup- 
posed to be familiar, onlj/ in being multiplied or 
divided by constant quantities, their differentials 
may easily be brought to the proper form without 
altering the value, and the integrals obtained. We 
shall illustrate these by examples. 

Ex. 1. Required the integral of (o+a? )a?"" dx? 

In this example the part a?**" ^dx is not the differen- 
tial of the root, or of a + a?" which is wa?" " cte. If we there- 
fore multiply this part by n and divide by 72, or place 

~ before the whole, the expression becomes 

-(« -\-x*f nx' dx. 
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Hence, 

=_L(a-f of y the integral required. 

The differential given in this example may be 
supposed to have been derived from differentiating 
(«H-a?"/ and then dividing by n. 

EXERCISES. 

1 . What is the integral of (a + x^Yxdx ? 

2. What is the integral of {a^+oirYanx"~^dx ? 

3. What is the integral of {ax -f ftar*)"( \ax -h bnx)dx ? 

4. What is the integral of, ^^ ? 

5. Find the integral o^Qyxdx-\-dx^dy. 

6. Find the integral of %^^^^^> 

(2.) When a differential cannot be brought un- 
der any of the preceding forms, we may sometimes 
be able to convert it, either immediately, or after 
certain substitutions, into an infinite series, which 
we may integrate by taking the integral of each 
term separately. 

dx 



Ex. To find the integral of 



a'\-x 



dx 1 
Since =€fo; x we have 

a'\-x a-^-x 



a-\-x \ a or cr or / 
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dx dx xdx . x^dx ofdx « ^ 

or = -H _-__+, &c. 

a'\-x a a a or 

Hence, 

/dx pdx pxdx rx^dx p !x?dx ^ ^ 

That is 

y-^dx X a^ ^ 31? ^ . Q^ 
=— + — - — — .-4-, «rc. 

Hence, if we wish to find the value of the integral 
for any particular value of a?, we take a sufficient num- 
ber of terms, depending on the rapidity with which the 
series converges. 

EXERCISES. 

dx 

1. What is the integral of - — ? 

1 — X 

dx 

2. What is the integral of 



1+ar* 

dx 
3. What is the integral of — ,=i? 

(3.) When the form of an integral belonging 
to a given differential has been determined, the 
expression is called an Indefinite Integra^ because 
we neither know the value of the independent va- 
riable nor that of the constant. But in the appli- 
cation of the calculus to the solution of real prob- 
lems, the complete value of the integral is de- 
termined by the conditions of the problem. Since 
the value of the integral depends on that of the 
variable, we may determine the value of the con- 



E 
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stant, or make it disappear entirely from the inte- 
gral by the following conditions. If we suppose 
the independent variable and the integral to begin 
to exist at the same instant, then when ^=0, the 
integral = and consequently C=0. 

Again, if we suppose the integral to begin to 
exist, or to have its origin when x becomes equal 
to a given quantity a, the value of C may then be 
determined. 

Let the differential be 2nxdXy tlienJn(jcdx=z^nx^-\-C; 
let the origin of the integral be when a?=a, then 
Jwa'+C=0, and C= ^ina\ substituting the value of 
C, we hBLve Jnxclx=lnaf^ — |wa®. If we take another 
value of X, suppose =3, then the definite value of the 
integral will be Jw6*— Jwa*. 

When the value of the constant has been deter- 
mined^ and a particular value assigned to the 
independent variable, the value of the integral is 
then known, and is called a Definite Integral. 

GEOMETRICAL ILLUSTRATION. 

In fig. page 9, let the base ad of the triangle be 
called Xy and let the perpendicular D^:=nxy then the 
area of ADE=^/^a;^ taking the differential we have 
nxdx. Let us now take the integral of nxdXf then 

Jnax[x=lnjif^-^C. In this case the base x and the 
area begin to increase at the same time ; hence, when 
07=0, J/wj'+C=0, and C=0. 

Again, suppose we wish to ascertain an expression 
for the area of dd'e'e, contained between the two 
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perpendiculars de, d'e'; since the perpendicular is 
supposed to move uniformly along the line ad from 
the point a, where it is 0, the area of the figure dd'e'e 
does not begin to exist till the variable x becomes 
equal to ad ; that is, when A7=AD=ay the area or 
integral Jwa*-|-C=0; hence C=—J«fl'. Let ad' be 
another value of Xy which we may call by then the 
integral of nxdx or the area of ad'e' will be ex- 
pressed by Jw^*+C. Hence Jw^'*— JW=area of 
dd'e'e. The constant C may be made to disappear^ or 
be eliminated, by giving two successive values to the 
independent variable and taking the difference be- 
tween the two integrals corresponding to these values. 
Thus, if ar=a the integral is Jwa*-fC, if a?=ft it is 
\nb^ '\'Cy subtracting the former value from the latter 
we have \nb^'^\na^ as before. 

When we take the excess of the value of an 
integral when the independent variable has be- 
come equal to ft, above its value when it was only 
equal to a, we are said to integrate between the 
limits of r=sa, and 07=6. 

This is indicated by the sign P^ 

yt a 

Thus r\vxdx^\nV^ J^'=""2^ * 

exercises. 

1. Integrate /^ ^xdxy and illustrate the case by a 
geometrical example. 

2, Integrate /^ ^s^dxy illustrate geometrically, and 
determine its numerical value when a=4 and ft=6. 
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3. Integrate /^ ^axtx^ illustrate by a geometrieal 

example, and determine the definite integral when 
a=2 and 6=3, r being 3, 1416. 

4. Integrate /^ ^^dxy illustrate geometrically, and 

determine the value of the definite integral between 
the limits a=4 and 6=6. 



OBSERVATIONS ON THE PRECEDING PART. 

1. The learner must have observed, that when 
we attempt to ascertain the limits of certain frac- 
tional expressions, as they are given, we arrive at 

the unintelligible expression -^. Fractions of this 

kind are called Vanishing Fractions, When he 
arrives at this expression he must not conclude 
that the fraction has no limit, but must proceed 
to determine its limit or ascertain that it has 
reallj/ no limit. If he can conveniently divide the 
numerator by the denominator, he may do so and 
take the limit of the quotient. He may some- 
times arrive at the limit by substituting the rect- 
angle contained by the sum and difference of two 
quantities, instead of the difference of their 
squares. Or, lastly, he may substitute a-f A for 
x^ and find the limit when h=0. 



OBSERVATIONS ON THE PRECEDING PART. 41 



x*-^a* 



Ex. Required, the limit of / ^ \ > when x=a ? 

If we make x^a without any preparation we have 
— , or the fraction is a vanishing fraction. 

Dividing x*^a* by a?— a we get se^-\-x'^a-{-cca^-\-a^, 
which, when a?=a, becomes a*+a®-fa®+«^ or 4a\ 
which is the limit required. Or, let 

X = a+h. then ^= — -T = 1 

=4«* + 6a^h + 4«A* + A*. If we now make A=0, which 
is the same thing as making a=^, we have the limit 
4a® as before. 

If after substituting a+ A for a?, and going through 
the operation as above, we should arrive at an ex- 
pression having h in all the terms of the numerator, 
but not in all the terms of the denominator, the nu- 
merator becomes 0, and the fraction has no limit, or 
we say its limit is 0. Again, if h should be found in 
every term of the denominator, but not in every term 
of the numerator, the denominator becomes 0, and 
the fraction has no limit, or its limit is said to be infi- 
nite, and is represented by the character oo. Thus 
a 

There are other methods for finding the limits 
of such fractions, but they are not sufficiently 
elementary to be introduced in this place. 

2. We cannot too strongly recommend to the 
teacher the necessity of giving the learner clear 
views of the nature of Differentials and the Differ-r 

e3 
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ential Coefficient. The differential of the inde- 
pendent variable, when we are employing real 
quantities, is either a part of the variable itself, 
or we may take it equal to the whole variable, or 
even twice, three times, or any number of times of 
the variable. The differential of the function is 
also a part of the function, or it may be equal to 
it, or even greater. 

Thus, if the side of a square increase uniformly at 
the rate of one inch per second, the area is increasing 
at the rate of 2xclxy or 2xy when the side becomes 
equal to x* If a? be equal to 12 inches, then 2xdx = 
24 square inches, which is the differential of the area. 

Again, if the side increase uniformly at the rate of 
one foot per second, the area increases at the rate of 
2 X 12 X 12 = 288 square inches, which, on this sup- 
position, is the differential of the area. 

du 
In the ratio -j-- = 2x, 2x is the differential-coeffi- 
cient, which is equal to the differential of the function 
divided by the differential of the variable. 

du 
When du = 24 and cfe = 1, ^ = 24. 

du 288 
When du = 288 and <fo; = 12, ^ = -j^= 24. 

Hence, whatever be the rate of increase which we 
assign to the independent variable, the ratio ofdu to 
dx, or the differential coefficient, remains the same. 

From all these illustrations the learner will perceive 
that the differential coefficient of a function, is the 
number which denotes the rate at which the function 
increases, the rate of increase of the independent 
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du 
variable being denoted by 1. Thus, ifu = a;*, -— = 

ax 

2x =s 18, when a; = 9 ; that is, the function a^ in- 
creases 18 times faster than x when a? = 9. 

Again, if w = ^x^ -j- = _ ^ = ---, when a? = 9. 

dx ZtJX D 

That is, the function sjx increases with ^ of the 
rapidity that x increases when a; = 9. 

The di£Perentials of quantities are therefore real 
quantities of the same kind with the variables 
themselves, and are never equal to 0, unless the 
quantities, of which they are the differentials, 
cease to be variable. 

We have thus avoided calling on the learner 

to believe that the differential of u and the 

differential of x or du^ dx^ may each be equal 

to nothings and nevertheless be to each other 

in a certain definite ratio. If we had tried 

du 2x 

to make him believe that j- = — = 22" = — , he 

would very probably have put these quantities in 
the form of proportional numbers, after giving a 
particular value to x. Thus, 

: : : 2a: : 1, or if a? = 10, as 20 : 1. 

If he happen to be a very intelligent boy, he 
will likely ask his teacher how nothing can be 
to nothing as 20 to 1, or how one of the nothings 
can be 20 times greater than the other ? 
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As the learner will frequently meet with equations of 
this kind, — =2a? =3a?^ = nx^ , &c. in almost every 

work on the differential calculus ; and as he has yet 
been unable to attach any definite meaning to such 
expressions, he must now be told what mathemati- 
cians really mean by what appears to him an absurdity. 
If we take an improper fraction, as for example, ^ 
which is equal to 10, and divide both numerator and 
denominator continually by 10, we rapidly diminish 
the numerator and denominator while the value of 
the fraction remains unchanged. 

.00000000001 __ 
inus, nnnonnnnnoni — 10, also 



.000000000001 

.0000000001 
.000000000000001 



=s 100000. 



That is, the numerator and denominator may be made 
as small as we please, whilst the value of the fraction 
may be as great as we please. By considering as 
the limit at which numbers cease to exist, we say that 
we can make the numerator and denominator approach 
as near to as we please, without altering their ratio, 
or the value of the fraction. Hence^ by an extension 
of the meaning of the terms limit and equality^ for 
which the learner is in general not prepared, the ex- 
pression is generalised, and the equation 

-- =2a? = da?^= nothing = anything, is obtained. 

The pupil will now clearly perceive that what he 
believed to be an equation, is not an equation in the 
ordinary meaning of the term; but ^n abbreviated 
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mode of expressing a truth with which he was per- 
fectly familiar when studying vulgar and decimal frac- 
tions; namely, ^^ That the value of a fraction does 
not depend on the absoltUe values of the numerator 
and denominator, nor on their difference^ but merely 
on the number of times or ^ parts of a time* which the 
one is contained in the other." 

EXERCISES. 

1. What is the limit or value of the fraction 
— when a? = ? 

X 



2. What is the limit of the fraction — when a7=sO? 

X 
CLX 

3. What is the limit of the fraction —r when a7=0 ? 

or 



PROMISCUOUS QUESTIONS AND EXERCISES. 

1. What do you understand by variable and con- 
stant quantities ? 

2. Have all variable quantities certain limits with- 
in which they may increase or diminish ? 

3. State what you understand by a Limit, and give 
a simple example. 

4. What is meant by the Function of a variable 
quantity ? 

5. What common word or form of words may you 
employ instead of this technical term ? 

6. Why is one of the variable quantities called the 

independent variable and the function the dependent 
variable ? 
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7. Is the independent variable supposed to in- 
crease or diminish at a uniform rate ? 

8. Does the function into which it enters increase 
or decrease uniformly when the independent variable 
does so ? 

9. If the function contain any power or root of the 
variable, does it increase uniformly ? 

' 10. What do you understand by the fluxion or dif- 
ferential of the independent variable ? 

11. If the independent variable be supposed to be 
divided into any number of equal parts, may you take 
one of those parts to represent its differential? 

12. What do you understand by the differential 
of a function which does not increase uniformly ? 

13. What do you understand by the differential 
coefficient of a function ? 

14. What is the general rule for finding the coefii- 
cient in all the algebraic expressions you have em- 
ployed ? 

15. State in your own words what is the object 
of the Differential Calculus. 

16. What do you understand by the term Integral ? 

17. What is the object of the Integral Calculus ? 

18. Whether are the Rules you have yet learned 
for integration obtained from a general principle or an 
inverse operation ? 

19. What do you understand by the term Incre- 
ment? 

20. Are the differentials of quantities so exceed- 
ingly small, that they are about to vanish, or may 
they be of any magnitude we please ? 

21. If an independent variable be only an inch in 
lengtl^ may its differential be equal to a foot ? 
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22. Does the differential coefficient of a function 
depend on the absolute magnitude of the differential of 
the variable ? 

23. When we speak of a variable quantity increas- 
ing or diminishing, is the idea of motion necessarily 
involved ? 

24. When we speak of a function generally^ do 
all the letters and their powers, or roots represent 
abstract numbers, or numbers of different kinds ? 

25. If the side of an equilateral triangle increase 
uniformly at the rate of 3 feet per second, at what 
rate is the area increasing when the side becomes 
10 feet? 

26. If the side of an equilateral triangle increase 
uniformly at the rate of .001 of an inch per second, at 
what rate is its perpendicular increasing when the 
side is just passing the limit of 10 inches? 

27. If a halfpenny be placed on a hot shovel, so as 
to expand uniformly, at what rate is its surface in- 
creasing when the diameter is passing the limit of 
1 inch and ^, the diameter being supposed to in- 
crease uniformly at the rate of .01 of an inch per 
second ? 

28. 1i a circular plate of metal expand by heat so 
that its area increases uniformly at the rate of .001 of 
a square inch per second, at what rate does its dia- 
meter increase when the area of the circle is exactly 
a square inch ? 

29. If the diameter of the plate expand uniformly 
at the rate of .001 of an inch per second, what is the 
diameter of the circle when its area is expanding at 
the rate of a square inch per second ? 
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30. A boy with a mathematical turn of mind ob- 
serving an idle boy blowing small balloons with soap- 
suds, asked him the following pertinent question : — 
If the diameter of these balloons increase uniformly at 
the rate of-j^ of an inch per second, at what rate is 
the internal capacity increasing at the moment the 
diameter becomes 1 inch ? 

31. The young experimental philosopher, not be- 
ing so ignorant as the other supposed, determined the 
rate correctly, and put the following question to the 
other : — If I blow equal quantities of air into the ball 
in equal times, at what rate is the diameter increasing 
at the moment it becomes an inch, on the supposition 
that I am blowing air into the ball at the rate of a 
cubic inch per setond ? 

32. As one problem frequently gives rise to an- 
other, the pupil, after differentiating and calculating, 
succeeded in answering the question, and then put 
the following : — If the diameter increase uniformly, 
what is the size of the ball when the rate of increase 
of the diameter is to the rate of increase of the capa- 
city as 1 to 50 ? 

33. If an ingot of silver of the form of a parallelor 
piped, expand uniformly by heat in its linear dimen- 
sions at the rate of .001 of an inch per second, at what 
rate is the solidity increasing when the breadth is 
4 inches, the depth 3, and the length 12 ? 

34. A boy standing on the top of a tower, whose 
height is 60 feet, observed another boy running to- 
wards the foot of the tower at the rate of 6 miles an 
hour on the horizontal plane : at what rate is he ap- 
proaching the first when he is 100 feet from the foot 
of the tower ? 



PART II. 

APPLICATIONS OF THE PRECEDING RULES AND 
PRINCIPLES TO USEFUL PURPOSES. 



SECTION L 

ON THE MAXIMA AND MINIMA OF QUANTITIES. 

(1.) If a variable quantity gradually increase, 
and after it has reached a certain magnitude gra- 
dually decrease, its greatest value is called a maxi- 
mum. Thus in the annexed figure, if a line move 
from A along ab so as 
to be always at right 
angles to ab, whilst 
its extremity moves 
along the arc of the 
circle, it will at first 
increase very rapidly 
and gradually slower 
and slower till it reach the position cd, when it 
becomes equal to the radius of the circle. By 
continuing the motion, it will from that position 
decrease till it reach the point b, when it be- 

F 




T 
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comes nothing, or vanishes. Hence, the line is 
said to be a maximum, or at its greatest value, 
when it becomes equal to the radius of the circle. 

Again, if we consider the line ao moving along 
6H in the same manner, its extremity moving in 
the arc of the circle, it will continually diminish 
till it reach the position ed, after which it will in- 
crease till it arrive at bh. Hence, in the position 
ED it is i^aid to be a minimum, or at its least possi- 
ble value. 

(2.) Now as the differential of a quantity is 
the rate of its increase or decrease, it is obvious 
that when a quantity reaches its greatest or least 
magnitudes, it neither increases nor diminishes^ 
and, consequently, its di£Perential is 0. 

(3.) When a quantity becomes a maximum or 
minimum, it is obvious that its square, cube, 
square root, &c. will be greater or less than in 
any other state, and will therefore be a maximum 
or minimum. It is equally obvious that any num* 
ber of times, or any part of the variable in its 
greatest or least states, will be the greatest or 
least values of the variable. 

(4.) In the solution of problems, or other in- 
vestigations involving the consideration of vari- 
able quantities in their greatest or least magni- 
tudes, we must obtain an algebraic expression for 
the quantity, take its differential and form an 
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equation, having the di£Perent]al on one side and 
on the other, from which the value of the inde- 
pendent variable x will be obtained. A few ex- 
amples will illustrate these remarks, and delight 
the pupil with his newly acquired powers of cal- 
culation. 

EXERCISES. 

1. Divide a line into two parts so that the rectan- 
gle contained by the parts may be a maximum. Let 
a be the line, x one of the parts, and a—x the other. 

Then (a — x) = ax^x^ z= a max. 

Differentiating adx — 2xdx =z 0. 

adx = 2xda. 

Hence, x = Ja, that is, the Hne must be bisected. 

CoR. Hence, of all rectangles having the same peri- 
meter, the square has the greatest area. 

2. Divide a given line, ab, into two parts, so 
that the sum of the areas of the squares described on 
these parts shall be the least possible. 

Let a = the line ^, one of the parts, then a— or will 
be the other part. Tlien, 

aj?-j-(a — xy will be a minimum. 
That is, 2a?'+a*— 2aa? is a min. hence 
4a?£^ar— 2ae£r=0, and 4xdx^^2adxy 
And 4a;=2a, and x=z\a. 
Hence the line must be bisected. 

3. A gentleman has a park in the form of a 
triangle, the base of which is 400 feet and the per- 
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pendicular 300> in which he wishes to make a rectan- 
gular garden, one of the sides of which is to be on the 
base; it is required to find how many feet from the 
vertex the other side must be drawn ? 

As the numbers 400 and 300 are constant, we may 
represent them by a and b. 
Let cK = a?, then dk=6— a?, c 

then by the property of si- 
milar triangles we have 

b : X :: a : gf. Hence gf= 

cue 

-T-, consequently the area 

of the rectangle is equal to 




DEB 



ax a 

OF X DK = -^ X b--x = -y(6a?— a?') = a maximum. 



a 



But since -r- is constant, the quantity bx—aP will also 

be a maximum. Hence bdx — 2xdx = 0, and x = -q-. 

Hence the perpendicular must be bisected. 

4. Let AB be the dia- 
meter of a given circle, 
it is required to find a 
point, c, in the diameter, 
so that the rectangle 
formed by the chord de, 
which is perpendicular to 
AB, and the part ac may 
be the greatest possible. 

Let AB = a, AC=a;, and cb = a— a?, then 

(a— a?)a? = CD® and cd = ^/ax—sc^-. 
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therefore de = 2/v^aa7+^9 and the rectangle eg = 
xx^»Jcuic—x\ which is a maximum. Hence, since 
^Xs/ax-^Q^ is a maximum^ its square will also be a 
maximum. That is, 4)^(007+ or'), or 4aar'— 4a:^ is a 
maximum. Differentiating this expression, we have 

12 oc'cfo— 16a?'cfo? = ; 
That is, 12 a£dx = \%a^dx. 



• X — "^ cz. 



. • 



5. A tin-smith was ordered to make a cylindrical 
vessel, which should hold a given quantity, a gallon 
for example, and be the lightest possible; required the 
proportion between the radius of its base and height ? 

Since the tin-plate is of uniform thickness, the pro- 
blem reduces itself to the finding the dimensions of 
the cylindrical vessel with the least possible surface. 

Let c denote the capacity of the cylinder in cubic 
inches, x the radius of the base, and y the height of 
the cylinder, and v = 3.1416. 

Then ira?* = area of base, ^vxy = area of the convex 
surface, and va^y^^c. 

Hence, dividing both sides of this eq. by x we get 

vxy =z — or Ynrxy = — , 

X X 

another expression for the convex surface. 

^ 2c 
Hence, •»X4- — = whole surface, which is a mi- 

X 

nimum. p»^ M^/'^^ Z>/ - W^^ ^^ 
Differentiating we have 

^•wxdx J- =0 o 

X FO 
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Hence, 2vxdx = 



2cdx 



X* 



and 2ira^=:2€, 



Consequently, x = j/ — 

c 
Again, since vx^y = c we have v = — 5. 

rx' 

Therefore, 

. ire* c* c* a/ c 



Consequently, by substituting the value of x we have 

y = — = — ^' = ^ = //^ 

C* C* IT* K T 



JT -5 



« 






which being the same expression as that obtained for 
X, it follows the height of the cylinder must be equal 
to the radius of its base. 

6. In a very ungraceful spire of a church, the last 
stone was a large cone, whose base was 4 feet and 
height 10 ; the spire being taken down, and this stone 
being of no use in its present shape, it occurred to the 
clergyman that it might be converted into an excel- 
lent roller for smoothing the walks in his garden ; re- 
quired the length of the cylinder so as to have the 
greatest weight possible. 

Let the cylinder be supposed cut 
by a plane passing through the vertex 
and also through the centre, and let 
CD=a, AB=6, CK=a;, then KD=a — a;. 

By similar triangles, a : b :: x : fg> 

hence fg=-? 



a 
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Again, since the solidity of a cylinder is equal to 
the area of its base multiplied by its height, the so- 
lidity will be expressed by he' x .7854 x dk, or using 

— for .7854, we have (a — x) ^ a maximum ; 

or neglecting the constant multiplier — x — 

4 a 

we have ax^ — ar* = a maximum. 

Hence, 2 axdx — 3a?Wa7 = 0. 

Consequently, 2axdx = Sx^dx, 

And X = |«, therefore dk = |- a. 

EXERCISES. 

1. Divide 12 into two parts, so that the least mul- 
tiplied by the square of the greatest, shall be a 
maximum. 

2. Divide 12 into two parts, so that the greatest 
multiplied by the ctebe of the least, shall be a maxi- 
mum. 

3. The length of the hypothenuse of a right-angled 
triangle is 120 feet; required the length of the base 
and perpendicular, so that the area may be a maxi- 
mum. 

4. A person wishes to enclose a field, which shall 
contain a given area a, and be in the form of a right- 
angled triangle; required the base and perpendicular, 
so that their sum may be the least possible. 

5. A gentleman having a circular fish-pond, whose 
diameter is 100 feet, wishes to enclose it by a fence in 
the form of an isosceles-triangle, the sides of which 
shall be tangents to the circles ; required the length of 
the sides so as to enclose the least possible land along 
with the pond. 
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6. If the side of a square pyramid be 40 feet, it is 
required to find the height to which it must be built, 
so as to contain the greatest quantity of masonry and 
expose the letxst possible surface to the action of the 
air. 



SECTION II. 

ON CURVES OF THE SECOND ORDER. 

Before entering on the application of the Cal- 
culus to Curves, &c. the pupil ought to have some 
knowledge of the Conic Sections; but for the 
advantage of those who may not have time to 
study large treatises, we shall exhibit the nature 
and construction, or genesis of these curves, with 
their most essential properties, called their 
Equations. 

(I.) A curve is a continuous line which gradu- 
ally changes its direction, so that no part of it, 
however small, is a straight line. The curve is 
thus said to observe the law of continuity^ which 
all variable quantities are supposed to observe. 
By the expression law of continuity we mean, 
that there is no abrupt start from one magnitude 
to another, nor from one direction to another. If 
the same quantity be found to have two different 
magnitudes in succession, it is supposed to have 



CURVES, SURFACES, AND SOLIDS. 57 

passed gradually^ though perhaps not uniformly, 
through all the intermediate magnitudes. Again, 
if a point be found in two successive instants of 
time to be moving in diflFerent directions, it is 
supposed to have passed gradually through all 
the intermediate directions. 

(2.) If a curve have two equal branches, the 
straight line which lies symmetrically between 
them is called the Axis of the curve, and the 
point where it crosses the axis, the Vertex. If 
from any point in the curve a perpendicular be 
drawn to the axis, it is called an Ordinate^ and 
its distance from the vertex, the Abscissa. An 
abscissa and its ordinate are called the Co-ordi- 
nates of the point in the curve. The abscissa is 
always denoted by x, and the ordinate by y. 

(3.) An equation containing the ordinate and 
abscissa, combined with known quantities, is called 
the Equation of the curve. Thus, if a be the 
diameter of a circle, y*= (a— j:) r is the equation 
of the circle. 

(4.) If the equation of a curve be given, the 
curve may be described by ascertaining a suffi- 
cient number of points which must all lie in the 
curve, and then tracing the curve through these 
points. Thus, if we take jr==:l, 2, 3, &c. and find 
the corresponding values of y from the preceding 
equation, and draw a series of ordinates at these 
points of the proper length, the curve which may 
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be drawn through these points will be a semi- 
circle. 

(5.) The circle, from the simplicity of its con- 
struction and the uniformity of the curve, and the 
necessity of an early knowledge of its properties, 
is always placed in the elements of Geometry. 
The curves next in simplicity of their construction 
and equations are the conic sections. They are 
often called lines of the second order^ because the 
highest power of any quantity in their equations 
is the square or second power. 



I. THE PARABOLA. 

1. Let AB be a straight line and cd another, at 
right angles to it, and let a 
point E move in such a man- 
ner that its distance from a 
given point f, and its perpen- 
dicular distance from the line 
AB, shall always be equal, lie 
point will describe a curve call- 
ed a parabola. The line ab is 
called the directrix^ the point 
F the focuSy V the vertex. The 
double ordinate eg passing 
through the focus is called the parameter^ or lotus 
redufiu 

(2.) To find the equation to the curve. 

From the genesis of the curve cv=vf and fe'=e'b' 
and e'g=2cf=4cv= parameter/?. 
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Draw the ordinate ed, put VD=a? and DE=y. 
Then de^=:fe' — fd*=be* — fd'^sscd'— fd*= 

=(cD + FD) (cD — FD)=2vD X CF=VD X 2cF 

That is y* = px^ the equation required. 

Cor. Let y' be any other ordinate and a/ its ab- 
scissa. 

Then x : x' : : f : t/\ Why ? 

Obs. Every curve whose abscissae are proportion- 
ed to any power of the ordinates is called a parabola. 

If X : af :: s/f : Vy", or : : y* : y*, the curve 
is called the semictibical parabola. ^ 

The general equation of the parabola is ax:=y\ 



DESCRIPTION, OR GENESIS OF THE CURVE. 

1. Draw any number of lines parallel to ab, from 
F with the distance fc cut the parallel eg, in the 
points e', 6, and these will be two points in the curve. 
From F, with a radius equal to do, describe arcs cut- 
ting EH in the points e, h, &c. Bisect of in v and 
through the points v, e', e, &c. draw a curve, which will 
be a parabola. 

^. Join together two flat pieces of wood eg, cd, so 
as to form a right 

angle. Fix a '^^''''^^■^^■^ 
thread at d, make 
it equal to dc, 
and form a small 
loop at the end 
c. Fix a pin in 
the paper at f, 
passing through the loop, then move the square 
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ECD along the edge of the slip of wood ab, keeping 
the thread applied to the edge of the square from d, 
by the point of a pencil g, and the point will trace the 
parabola by continued motion. For in every position 
the thread fg is equal to the part of the square go to 
which it was applied. 



3' 



(A 


? ^ 







iJ 
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H 


f 



£ 



II. THE ELLIPSE. 

1. If a point G move in such a manner that the 
sum of its distances from the two given points f,^ 
shall always be the same, 
it will describe a curve 
called the ellipse. Each 
of the points F,yis called 
2l focus. AB the major axis j^ 
or transverse diameter; de 
the minor axis or conju- 
gaie diameter, cf is call- 
ed the eccentricity. 

From the nature of the curve, ab=fg-j-/g=2fd. 

2. To find the equation to the curve. 

Let fall the perpendicular GH, and let Aciza, cd=^, 
CF=e, CH=a;, HG=y and let FG-FD==rf. Then f/* 
=2e, FH=cH-a? and/H=e-.a?. Also by the nature of 
the curve FG=aH-(f and/G=a— rf. Since fhg, /hg 
are right-angled triangles, we have 

FG'=FH^-f-HG' and/G'=/H'+HG^ 

ora'+2arfH-rf'+y^=e'»+2car+a?'-j-y^ (1) 

and a'-2ac?+€f +/=:c'— 2€a:-j-a?'^-f-y^ (2) 



By subtraction, ^ad^Aex, and d 



4ex 



4a 



ex 

^— • 

a 



Substituting this value in equation, (1) we have 
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a« + 2a X ?^ + !!?! +y'=«* + 2ea? + a?* 4-^', by reducing, 
a a 

and substituting o* — ¥ for c*. 

aY^h\a^-^a^, and /=:^'^ (o*-ar*) 

ra ra 

or, y* = -(o+ar) (a-ar)=_ xahxbh. 
If AH be denoted by ar' then bh = 2a — ay's and the 

ra 

equation becomes y* = — (2aa?' — a/'), which is the 
equation required, 

Coiu 1. If the equation be converted into a pro- 
portion we have 

Ac' ; CD* : : ah x hb ; hg'. 

Cor. 2. If a circle be described on ab and hg pro- 
duced to ^y and any other ordinate n'g' drawn, then 

since ah x hb = h^ and ah' x h'b = Hy^ 

we have hg* : h^ : : h'g'' : Hy*. 

or HG : H^ : : h'g' : ny. 

Cor. 3. Also hg ; g^ : : h'g' : g^. Why ? 



GENESIS OF THE CURVE. 

Take a thread equal to ab having two small loops 
at the extremities. Fix two pins perpendicularly in 
the paper at f^ and passing through the loops, then 
with the point of a pencil trace the curve, keeping 
the thread fg^ always extended. 



62 



PRINCIPLES OF THE CALCULUS. 




III. THE HYPERBOLA. 

1. If a point, 6, 
move in such a 
manner that the 
difference of its dis- 
tances^G, fg, from 
two given points, 
fy F, shall be al- 
ways the same, the 
point will describe 
a curve, called the Hyperbola. If the point g' move in 
the same manner, so that fg'— /g' =yG— fg, it will 
describe a similar curve. These are called Conjugate 
Hyperbolas, The points f, / are called the JPoct, ab 
the Transverse Axisy and the middle of ab or c the 
Centre. If de be drawn at right angles to ab, and if 
from B, with a radius equal to of, an arc be described 
cutting the line in d, e, then d e is called the Con" 
Jteyate Axis, 

From the nature of the curve yb—FG =yB — fb=ab. 

2. To find the equation of the curve. 

Let AB=a, £D=:6, of = c/==c, CH=a?, HG=y, FG=2r, 
then FH=a?— c,/f=2c. And by the nature of the 
curve /g = a+z. 

Now cb'+cd*=bd', or ^*+^*=c*; ... (1) 

AlsoyG*=FG'H-/F'-f-2/FXFH, or substituting the 

single letters, 

4ex-^a^ 
d^-^2az-\-s? = 2r'+4€*-f-4ear— 4c' ; hence z = — q7 — > 



16eV— 8€gV+q* 

4a' 



=2^ = HG'+FH'ssy'+a?'— 2ca?+e' 
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Henc&, by reducing and simplifying, 16eV+a* = 
4^y4-4aV+4oV, substituting the values of 16c* and 
4e^ which we obtain from equation, (1), and simpli- 
fying the results, we have 

Let BH be denoted by a?', the equation becomes 
ay^h\a-\-o(f)o(f,ovt^^— (o + a/y, which is the 
equation required. 

Cor. cb' : cd* : : AH X BH : hg*. 



GENESIS OF THE CURVE. 

1. Take a thread 
with two small loops 
at the extremities ; 
double it so as to 
leave one of the 
parts longer than 
the other, by a part 
which is to be the 
transverse axis, and 
tie a knot on the 
double part at e. If pins be fixed at f, f^ passing 
through the loops, and the double thread be passed 
through a bead, or through a hole near the point of 
a pencil, and if the bead g or pencil be moved, keep- 
ing the thread tight, it will obviously describe the 
hyperbola. 

2. The curve may also be described by the following 
method. Take a small slip of wood, /b ; make a small 
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hole 2Xfy and push a pin through it into the paper. 
Fix one end of a thread at b, the other end having a 
loop at F, through which a pin is to he fixed in the 
paper. The thread bg'f ought to be less than/B by a 
part equal to the transverse axis. If a pencil be now 
applied at g', keeping the thread in contact with the 
edge of the slip of wood, and if the rule be moved 
round^ the point g' will trace out the hyperbola, 

Obs. The learner cannot fail to observe the strik- 
ing resemblance between the equations of the circle, 
ellipse and hyperbola, the equation for the circle be- 

ing jf^ zss. aa?— a?\ for the ellipse y* = -^ (oar*— a?'); for 

the hyperbola, y* = —j (oir^+ar'). If the foci of the 
ellipse approach one another, the transverse and con- 

jugate axes approach to a ratio of equality, and — j 

also approaches to a ratio of equality, and when they 
become equal the curve becomes a circle. Hence the 
circle is, on this supposition, the Umit to the ellipse. 

In the ellipse the transverse axis is equal to the 
sum of the focal distances of any point in the curve ; 
in the hyperbola it is equal to the difference of those 
distances. In the ellipse the conjugate axis b is equal 

to s/^^-\-e^y e being the eccentricity. In the hyper- 
bola it is equal to ^/e*— a"*, the only difference being 

in the signs. Hence the properties of the ellipse may 
be transformed into the corresponding properties of 
the hyperbola by the proper change of plus into 
minus, or minus into plus. 

Thus, the equation of the ellipse is —5 (ox — ar*) or 
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— (a — x)x ; now, in the hyperbola, if x be the ab- 

Or 

scissa, a-\-x h the other abscissa, or that reckoned 
from the other extremity of the transverse, which sub- 
stituted for a — X in the equation of the ellipse, gives 
the equation of the hyperbola. 

We have shown that the circle is the Umit to the 
ellipse when the foci approach and ultimately coin- 
cide ; what is its limit when their distance increases, 
and ultimately becomes infinite ? In this case x is 
indefinitely small compared with a, and a and b ap- 
proach to a ratio of equality. Hence y^ approaches to 
the value of aXy which is its limits and which is the 
equation to the parabola. Hence the parabola is the 
limit of the ellipse. When the transverse axis is very 
great, as in the case of the orbits of the comets, a 
large portion of the elliptic orbit nearest the sun 
almost coincides with a parabola ; and hence, when 
near its perihelion, a comet may be considered as 
moving in a parabolic orbit. 



SECTION III. 

TANGENTS TO CURVES. 

(I.) To determine the method of drawing tangents 
to curves. 

Let AB be the axis 
of the curve and ef 
the tangent at e, 
meeting ba produced 
in F. Draw the or- 
dinate ED and other 
two Ak, h'vi' at equal 
distances from it. 

Gd 
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Draw EG at right angles to hk and eg' to nh! pro- 
duced. Let an ordinate be supposed to move uni- 
formly along AB, so that any part of ab as dk' or 
DK may be taken to represent the rate at which the 
abscissa ad increases. Had the ordinate increased uni- 
formly, GH would have been its corresponding incre- 
ment, whereas it is only gA. If the line kh be now 
supposed to move uniformly towards ed, the ratio of 
Gh to GH continually approaches to a ratio of equality. 
For since eA is a curve, gA diminishes more slowly 
than GH. Hence, these lines continually approach 
to a ratio of equality. When the ordinate has passed 
ED, its increments diminish more rapidly than if its 
extremity had kept in the tangent. Hence, when the 
ordinate was just passing bd, the rate of its diminution 
was to the rate of diminution of the abscissa as hg to 
EG, or as ED to DF. Hence, if dk or eg represent the 
differential of the abscissa, gh will represent the dif- 
ferential of the ordinate. Let ad=;i;, DEs=y, then 
DK=idx and GH=sdy. 

Hence, by similar triangles dy : dx y, y : dt. 

Consequently, df = ?L^, which is the expression 

for the subtangent df. 

In applying this method to any particular curve, we 

obtain the expression ?1 — , (from differentiating the 

dy 

equation to the curve,) equal to a known quantity, 
which determines the point f. Hence, if f,e be joined 
the line fe will be the tangent required. 

Ex. To draw a tangent to a circle. 
Let r be the radius, x the abscissa, and y the ordi- 
nate. 
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Then y* = (2r— a?)a? == 2ra?— a?^ and y = v'2ra?— a?'^ 
DifFer en dating this equation, 

dy z=:^\ (2ra?— a?'')~*(2r— 2a?ya:. 

Hence, ^ = 1^ ^ (^^^~^')^ 

^^ ^(2rar-a;')"^(2r-2a?) '^ ^ 

Multiplying the first side of the equation by y, and 
the second by its equal >/2ra? — a?* we have 

-^--- = — H — , the subtangent required. 
dy r— a? 

EXERCISES. 

1. If the diameter of a circle be 10 feet and the 
abscissa ad =2; required the length of the subtangent 
DF, and also of the tangent fe. 

2. If a be half the transverse axis and h half the 
conjugate axis of an ellipse ; required the length of 
the subtangent, when a? == 10, a being =s 15 and 
^ = 8. 

3. Draw a tangent to the hyperbola. 

4. If the parameter of a parabola be 4 inches and 
the abscissa 9 ; required the length of the ordinate 
and subtangent. 



SECTION IV. 

NORMALS AKD SUBNORMALS. 

(1.) To find the length of the normal and sub- 
normal of any point in a curve. 
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If a line ec (fig. p. 65) drawn at right angles 
to the tangent, meet the axis in c, the line ec is 
called the normal^ and dc the subnormal. 

Since the triangles egh, edc are similar, 
£6 : GH : : ED : DC ; that is. 



• I 



dx : dv :: t/ : ^ = dc, the subnormal. 

dx 

Again, since 



=y (^^'). we havecE =,x >/^+^ 



dx 
the expression for the normal. 

Ex. Find the value of the normal and subnormal of 
a parabola. 

^ ^sspxy differentiating 2t/dy = pdx. 

J^ = ^, mult, both sides by y, ^-M =:^ subnormal. 
dx 2^ ^ ^' dx 2 



Also, normal = 4/ y* +— • 



SECTION V. 

ASYMPTOTES TO CURVES. 

To determine the method of drawing an asymp- 
tote to a curve. 

(1.) If from a point in the axis of a curve at 
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any definite distance from the vertex, a straight 
line be drawn in such a direction that the curve 
continually approaches it, and may be made to 
approach it nearer than by any finite distance, 
but never meets it, it is called an Asymptote to 
the curve. 

Let GO be an asymptote 
to the curve ba, and ae a 
tangent at the point a. 
Let the point a be taken 
farther and farther from b, 
then it is obvious that the 
subtangent db will in- 
crease and the point e ap- 
proach to c, and may be 
made to approach nearer 

to it than by any finite magnitude. Hence the 
asymptote co is the limit of the tangent when bd be- 
comes infinite. Hence, if we find the value of the 
subtangent, and consequently of be, which, when x 
and y become infinite, is the same as bc ; and also de- 
termine the point h from the triangles ead, chb, 
which are ultimately similar, we get the direction ch 
of the asymptote. 

Ex. Let the curve be the hyperbola. 
The subtangent will be found to be lt». and be = 







•ar = 



dX 

a+x 



a+x 
by reduction. Now, when x is 



€IX 

infinite, a+x = x, and hence the limit is — = a = 

'X 

half the transverse axis. 
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Hence, by similar triangles, de ; da : : bc : bh. 

That is, ^^ : — s/2ax-\-3^ W a\ bh. When x is 
a-\-x a 

infinite the limit of the first term is rr, and of the 

h h 

second — xa?. Hence x \ — xa? :: o : bh = 6, hialf 

the conjugate axis. Hence, draw bh at right angles 
to the transverse axis, make it equal to the conjugate 
axis ; join c, the centre of the hyperbola, or middle of 
the transverse axis, and the point h, and the line ch, 
produced indefinitely, will be the asymptote required. 

Note. When the asymptotes cg, cg', are at right 
angles to one another, the hyperbola is called a 
Rectangtdar Hyperbola. 



SECTION VI. 

length of arcs. 

(1.) To find an expression for the length of an 
arc of a curve. 

Let the ordinate (fig. p. 65) be supposed to move 
uniformly along the axis, whilst its other extremity 
describes the curve. Then the rate of increase of the 
abscissa being uniform, x will be the independent 
variable. The direction in which the extremity of 
the ordinate is moving when it reaches the point e, is 
in the tangent, and if the rate at which it was moving 
had continued uniform without any change in the 
direction of its motion, it would have moved uniformly 
along eh, whilst the ordinate was moving from the 
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position ED to hk. Hence eh will represent the dif- 
ferential of the curve at the point e, or in other words, 
the rate at which the arc ae was increasing, when the 
point describing the arc was just passing the point e. 
Hence, the sides of this remarkable triangle egh will 
represent the differentials of the abscissa, ordinate, 
and arc ae. Let the arc be denoted by z^ then 
EG=:(2r, GHsdfy, £H=d^. Hcncc da^ = da?-\-ch^y and 

dz = s/do^-\-dj^. 

In applying this formula to the arc of any curve, we 
obtain, from the equation of the curve, an expression 

equal to ^d3^-\'dy^y which being the differential of 
the arc ae, its integral will be the real length of the 
arc itself, supposing it were unbent into a straight 
line. Hence the arc is said to be rectified^ or made 
equal to a straight line, and the mode of doing so is 
called the rectification of the arc 

(2.) Before applying this formula to any parti- 
cular curve, we shall first determine the rate at 
which the arc of a circle is increasing at e, by con- 
sidering in succession the trigonometrical lines be- 
longing to the arc, as the independent variable. 

Let a denote the radius; ad or the versed sine 
^ x; DE or sine = y; ef or tangent = t; and of or 
secant = s. Then by the equation of the circle y 

= >/2«^— ^> J^c or cosine of the arc = Va'— y*, 
and t = ^y-*— a*. 

1. Let the ordinate move uniformly along the axis, 
then X increases uniformly, or cd diminishes uni- 
formly ; hence dx is the differential of the versed sine. 
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Hence, by similar triangles, ^ : a *,\ djs l dz. And 

adx cudx dx 

dz = = =z =* i:=n=: whena=l, (1) 

y . V2fla?— a?^ V2— «* 

which is the differential of the arc ae, when the versed 
sine is the independent variable. 

2. Let the ordinate or sine move along the axis so 
as to increase uniformly^ or in other words, let y be 
the independent variable. Then 



s/a^—y" : a :\ dy : dz. 

Hence dz = = , when o= 1 . . (2.) 

s/a^-y" ^ 1 -ya 

(3). Let the secant increase uniformly, or be 
the independent variable. 

Then s : a \\ a ; cd=— , hence ad = a . 

8 s 

Now the differential of a = ^- — by the rule 

s « 

for fractions : — 

a^ds 



But s/^^a^ : s\\ dx : dz :\ --r '* dz 

8 

Hence, 

a^ds d8 ^ y^ 

«fe= -7T=i = -^ff=T whena=l (3) 



(4.) Let the tangent increase uniformly, or be- 
come the independent variable. 



Then t = ^^s'^d" and dt = 



s/s'-d' 
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substituting dt instead of this value in equation . . (3.) 
dz = — — = , when a = 1 . . • . (4.) 



APPLICATION OF THE LAST FORMULA. 

To find the length of the arc of a circle. 

Let a point move uniformly along the tangent from 
the point of contact, and let a straight line joining the 
centre and this point be supposed to move along with 
it, then this line will pass over the arc in such a man- 
ner, that whilst the tangent increases uniformly the 
arc does not increase uniformly. When the arc is 
equal to Zy the rate of its increase was found to be 

expressed by .^. 

dt ,. 1 

Since ^^ = iq:^ = ^^^T^i 

And -J-- = 1— ^-f./4__^4., &c. 

dz — —^z=^ dt^fdt^t^dt^Mt-^, &c. 
Hence /dz or z =fdt --ffdt ^-ft^dt -^ffdt +, &c. 

^ f f f e ^ 

Or.= l--+--.-+-^-,&c. 
If we take an arc of 45^, ^ = r == 1. 

Hence ^='^''-J'^Y''Y^'li~' 

This series diminishes very slowly, and, consequently, 
would require a great number of terms to give a good 
approximation to the length of the arc* 

H 
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If we take the arc = 30°, then ed s= .5. 
And CD being found, we have the following propor- 
tion : 

CD : DE : : cA : f = .5773502. 

Hence, substituting this value for t in the above 
series, we have z = .5235987, which is the -j-^ of the 
whole circumference. Hence, this number multiplied 
by 12 gives 6.2831804 the circumference of a circle 
whose radius is 1, and the half of this, or 3.14159023 
&c. the circumference of a circle whose diameter 
is 1. 

EXERCISES. 

1. If two bodies start from the extremity of the 
diameter of a circle, the one moving uniformly along 
the diameter at the rate of 100 feet per second, and 
the other in the circumference, with a varying motion, 
so as to keep it always perpendicularly above the 
other ; it is required to find its velocity in the circum- 
ference, when passing the sixtieth degree from the 
starting point, supposing the diameter of the circle 
1000 feet ? 

2. If two bodies start from the extremity of the 
diameter of a circle at the same instant, the one 
moving uniformly along the tangent, at the rate of 
100 feet per second, and the other along the circum- 
ference, with a variable motion, so as to be always in 
a straight line joining the first body, and the centre of 
the circle; it is required to find its velocity in passing 
the 45th degree from the starting point, the diameter 
being 2000 feet ? 

Obs. This section will give the pupil an idea of the 
principles by which Astronomers are enabled to de- 
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termine the velocity of a planet in any point of its 
orbit. He will also perceive the reason of an experi- 
ment he may have frequently performed, viz. in thrown 
ing a stone by means of a sling, the stone moves off in 
a tangent to the circumference of the circle, at the 
point in which it was when he let go one end of the 
sling. 



SECTION VII. 




ATai 



«'B 



AREAS OF SURFACES. 

To find a rule for obtaining the area of a curvi- 
linear surface. 

Let ABC be a surface bound- ^MLf 
ed by the straight lines ab, bc, 
and the arc of a curve ac, and 
let an ordinate begin to move 
from A at a uniform rate along 
ab, it will describe or pass over 
the area a/cb. Construct the rectangle abcd, and 
suppose AB divided into any number of equal parts, 
then one of these parts will represent the differential 
of AB or dx. Let the line ad move uniformly along 
with the ordinate, and it will describe the rectangle 
ABCD. Now, since the area of the rectangle increases 
uniformly, its corresponding increment or ad x dx will 
represent the differential of the area. The increments 
of the curvilinear surface are at first very small com- 
pared with the simultaneous increments of the rectan- 
gle, but rapidly approach to a ratio of equality as the 
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ordinate approaches bc. When the ordinate has 
passed bc, the increments of the curvilinear surfiu^ 
are greater than the corresponding increments of the 
rectangle ; consequently, the rate at which the curvi- 
linear surface is increasing when the ordinate is passing 
BC, is the same with that of the rectangle. Hence the 
differential of the surface a/cb is equal to ydx* To 
apply this to any particular curve, we get an expres- 
sion equal to dx^ by differentiating the equation of the 
curve, and then for ydx^ the integral of which gives 
the area required. 

EXAMPLE 1. 

To find the area of a parabola. 

Since y* = /?x, %ydy:=.pdxy by differentiating ; 

Hence dx = and ydx = , by mult, by y. 

Therefore /-^^ = ^ = ^x, by substituting the 

value of JO. 

That is, the parabola is | of its circumscribing 
rectangle. 

EXERCISES. 

1. Required a rule for finding the area of a right- 
angled triangle, (fig. page 9) whose base ab is Xy and 
perpendicular oo; ; or if bc be called y, the equation 
isy=aa?? 

2, Required a rule for finding the area of the cur- 
vilinear surface a/cd (last fig.) contained between the 
convex side of the parabola and the straight lines ad, 
DC, by supposing a line or ordinate to move from a 
uniformly along ad, one of the extremities keeping on 
the line ad, and the other in the curve ? 
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EXAMPLE 2. 

To find the area of a circle. 

Let a line perpendicular to 
CA move from the position 
CD uniformly along ca, one 
of its extremities describing 
the arc df. Let ce = x, 
EF = t/f and the radius of 
the circle = 1. Then 
i/" = V^x\ and ^ = ^T^* 
or (1-ar*)*, y = (l-aj')* = 

?! 

16 




, a:' or* 
""T "8" 



X' 



128 



— , &c. by the Binom. Theor. 



Hence ydx^=dx — 
Therefore 
fydx = f\dx - 

Hence, 



x'^dx x^dx tx^dx a^dx 



2 

x^dx 
2 

0^ 



8 
x^dx 



16 
Q^dx 



128 



, — &c. 



~ &c.) 



area of ecdf = a; ;; — -77: 

6 40 



X' 



5a:» 



-&c. 



112 1152 
by integrating. 

If the arc df = 30°, the sine of 30°, or its equal ce, 

is half the radius, or \, Hence the series becomes 
J - ^ - ^^ - Tr:5^ - &c. If these be re- 
duced to decimal fractions, and a sufficient number 
of terms subtracted from \ or .5, the result will be 
.4783055, which is the area of ecdf. If from this we 
subtract the area of the right-angled triangle ecf, 
which is .2165063, the remainder, or .2617992, will 
be the area of the sector fcd, which is the -^ of the 
circle-. Hence, 12 times this number, or 3.14159, &c. 

h3 
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is the area of a circle whose radius is 1. Now, as 
circles are as the squares of their diameters, ^ of this, 
or .78539, &c. is the area of a circle whose dia- 
meter is 1. 

Cor. If an ellipse be described on ab as its trans- 
verse axis, then the transverse axis will be to the 
conjugate as the area of the circle to the area of the 
ellipse. 

Let an ordinate be supposed to move from a uni- 
formly along AB, then the variable ordinate eg will 
pass over the semicircle, and the variable ordi- 
nate £H will pass over half the ellipse. But since 
CK : CM : : eg ; eh, that is, since the transverse is 
to the conjugate axis, as any ordinate of the circle to 
the corresponding ordinate of the ellipse, the areas 
passed over by these ordinates must be in the same 
ratio. 

Ex. What is the area of an ellipse whose trans- 
verse axis is 20 inches and conjugate 10 inches ? 



SECTION VIII. 

SURFACES OF SOLIDS. 

To find the surfaces of solids of revolution. 

Let a solid be gene- 
rated by the revolution of 
the curvilinear surface 
AEB, about its axis ab. 
Let a circle whose plane 
is at right angles to ab 
begin to move from a 
uniformly along ab, its 
centre being in ab and 
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its variable circumference on the surface of the solid, 
then it is obvious that this variable circumference will 
pass over the entire surface of the solid. Now the 
rate of increase of the arc ae at the point £ was for- 
merly shown to be represented by eh, the corre- 
sponding or cotemporary rates of the ordinate and 
abscissa being represented by gh and eg. Hence, 
the rate at which the surface of the solid is increasing 
when the diameter of the generating circle is in el, 
will be represented by the circumference of the circle 
multiplied by the rate of its motion in the direction of 
the curve at the point e, that is, by the circumference 
of the circle multiplied by eh. Let the radius of the 
circle or ed == y, and v = 3.14159, and arc ae = z, 
then the circumference is 2iryy and the rate of increase 
or differential of the surface of the solid, ^irydz. 
Hence, from the equation of the curve we determine 
an expression equal to 2in/dZf the integral of which 
will give the formula or rule for the surface of the 
solid. 

example. 

To find the surface of a sphere whose radius 
is r. 

Since ce : de : : eh : eg by similar triangles ; 
that is, r : y \\ dz \ dxy we have 
ydz = rdx^ and 2vydz = 27Frdx. 

Hence 2Trdx is the differenHcd of the surface of the 
segment when the plane of the variable circle is pass- 
ing EL, or it is the rate at which the surface of the 
segment eal is increasing ; consequently, the integral 
of this will be the surface of the segment. That is, 

f^Ttrdx = 2^ra? = surface of the segment. 
Now, as this is true whatever be the value of a:, 
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let a; = r, then 2rr^ = surface of the hemisphere, 

and 4itr^ = surface of the sphere. 

But %r^ = area of a circle whose radius is r. 

Hence the surface of a sphere is equal to four times 

the area of one of its great circles. 

Cor. 1. Since 2irrx is the expression for the con- 
vex surface of a cylinder whose radius is r and height 
Xy it is obvious that the convex surface of a sphere is 
equal to the convex surface of its circumscribing 
cylinder. 

Cor. 2. Hence, if the sphere and its circumscrib- 
ing cylinder be cut by a plane, the surface of the 
segment cut off will be equal to the convex surface of 
the corresponding segment of the cylindeK 

Cor. 3. If the sphere and its circumscribing cylin- 
der be cut by two parallel planes, the surfaces of the 
corresponding zofies are equal. 

EXERCISES. 

1. If the diameter of the earth be 8000 miles, how 
many square miles are contained in the Frigid Zone, 
and also, how many in the North Temperate Zone ? 

2. Let a variable circle move from the vertex of a 
cone and describe the conical surface, it is required to 
determine a rule for finding the convex surface ? 



SECTION IX. 

CAPACITIES OF SOLIDS. 

To find the capacities of solids of revolution. 

Let the solid be generated by the revolution of the 
surface aeb (see last fig.), about its axis ab. Let a 
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circle whose radius is ad, and whose plane is perpen- 
dicular to AB, move uniformly along ab, then it is 
obvious that the plane of this circle will generate a 
cylinder. Let a variable circle move uniformly along 
with the circle which describes the cylinder, its 
circumference describing the curved surface of the 
solid ; then it is obvious, that the increments of the 
solid will at first be very smaU compared with the 
cotemporary increments of the cylinder, and that they 
will rapidly increase and tend to a ratio of equality as 
the describing circle approaches ed, and may be made 
to differ from each other by a quantity less than any 
finite magnitude. When the plane has passed the 
position ED, the increments of the solid will exceed 
the corresponding increments of the cylinder. Hence, 
as the cylinder increases uniformly, its increment ge- 
nerated in any portion of time may be taken to repre- 
sent its differential, and as the solid increases at the 
same rate as the cylinder when the plane of the gene- 
rating circle is passing ed, the differential of the solid 
is the same as the differential of the cylinder. Now, 
if AD be divided into any number of equal parts, one 
of these, which we may represent by dxy will be the 
differential of ad, and the area of the generating 
circle multiplied by dxy the differential of the cylinder. 
Let a =.7854, b = diameter of the circle or el, then 
ab^dx = differential of the solid. To apply this to 
any particular case, we obtain an expression equal to 
ah^dXf the integral of which will be the solidity re- 
quired. 

example. 

To find the solidity of a sphere. 

Let r = the radius of the sphere, then 
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y = (2r—-x)x = 2rar— a?*, but b = 2y. 
Hence 6' = 8ra;— 4a:'. Multiplying both sides by adx 
we have cUf^dx = &rxdx — Aax^dx, Hence, 
f(Sarocdx-'4ax^dx) = 4ara?*— |«ar' = solidity of the 
segment eal. 

Let a? = r, then 4ar' — far^ = solidity of the hemi- 
sphere, and 8ar^-§«r^ of the sphere. IfDbe the 
diameter ad^ — ^od' = |«d' x d = | of the circum- 
scribing cylinder. 

Cor. If an ellipse be described on ab as the major 
axis, and if two circles move from a uniformly along 
AB, one of them describing the sphere and the other 
the spheroid, the radii of these circles, and conse- 
quently their diameters, are in every position in the 
constant ratio of the transverse to the conjugate axis, 
and their areas as the squares of these axes. Hence 
the solidities passed over by these circles will be in 
the same ratio ; that is, the square of the transverse 
is to the square of the conjugate, as the solidity of 
the sphere to the solidity of the spheroid. Let a = 
transverse and b the conjugate axis, then 
a': ft' :: fx.7854xa' : |x.7834xft'xa = f of the 
cylinder, whose diameter is b and height a. Hence 
the spheroid is f of its circumscribing cylinder. 

EXERCISES. 

L If the diameter of the earth be 8000 miles, 
how many cubic miles are contained in the segment 
cut off by a plane passing through the Arctic Circle ? 

2. Find by the same principles a rule for the 
solidity of a cone. 

3. Find a rule for determining the solidity of para- 
bolic conoid, or solid formed by the revolution of a 
parabola about its axis. 
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OBSERVATIONS ON THE PRECEDING PART. 

The learner generally finds some difficulty in 
comprehending how it happens, that whilst the 
independent variable is the same in algebraic ex- 
pressions, which are not equal to each other, 
these expressions or functions have nevertheless 
equal differentials. The difiiculty will vanish if 
he reflect, that the rate of increase does not de- 
pend on the magnitude of the function, but on 
the manner in which the independent variable 
enters into the expression. An expression whose 
value is small may notwithstanding increase as 
rapidly as one whose value is great. Thus, if 
we have two rectangles, whose altitudes are 
equal, but whose bases are unequal, and if the 
differential of the base or dx, be the same in 
both, the differential of these unequal rectangles 
are both adx. Take, as another example, a tri- 
angle whose base is x and perpendicular y ; and 
a parabola whose abscissa is x, and ordinate y. 
Then the equation of the straight line or hy- 
pothenuse of the triangle, is y = ax^ and that of 
the curve y' = px. 

Differentiating the first equation, we have 
dy = adxy and multiplying both sides by y, and 

ydy 
dividing by a, we have ydx = which is the dif- 

ferential of the area of the triangle. 
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Again, difTerentiating both sides of the equa- 
tion of the parabola, we have 

^ydy =: jodr, and multiplying by y and dividing by/?, 

, 2t/dy, TT ydy 2y^dy 

ydx = ^ ^ Hence ^-^ = -^—^y 

p a p 

two equal differentials resulting from unequal 
functions. Hence, though these differentials be 
equal, their ^brm^ are different, which shows that 
they have been derived from different functions. 

The learner will now clearly see that two equal 
differentials when integrated may give two un- 
equal integrals. Thus, the integral of the first is 

f^-^ = -^ which is the area of the triangle whose 
a 2a 

base is — or a?, and perpendicular y ; and J^ 5= 

f "" = f — X y, which is the area of a parabola 

whose ordinate is y, and abscissa — > <>'' ^• 

In both these integrals the constant is 0, and 
yet they are unequal, and as the value of the 
constant may be different in . different integrals 
resulting from equal differentials, the learner will 
perceive that he can draw no conclusion with 
regard to the equality or inequality of integrals 
having equal differentials. 
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PROMISCUOUS QUESTIONS AND EXERCISES. 

1. What do you understand by the maximum of ^ 
function ? 

2. What do you understand by the minimum of a 
function ? 

3. If ip-|-y == a, can the value of a be determined ? 

4. li x-^y = tty and xxy ^= & maximum, can the 
values of x and y be determined ? 

5. If an ordinate move uniformly along the axis of 
a curve, what do you understand by the differential of 
the ordinate when the abscissa becomes equal to a 
given quantity? 

6. What do you understand by the differential of 
an arc of the curve, the circumstances being the 
same? 

7. If a point move uniformly along a curve at a 
given rate, what do you understand by the differential 
of the abscissa and ordinate when the point has ar- 
rived at a certain distance from the vertex ? 

8. If a point move uniformly along the axis of a 
curve, and if you have given the rate of its motion, its 
distance from the vertex and the ratio of its motion 
to the rate of increase of the ordinate at that point ; 
by what means would you ascertain the exact length 
of the ordinate ? 

9. When you speak of the direction of the motion 
of a point in a curve, what do you really understand 
by the expression, since no part of the curve is a 
straight line ? 

10. What is the general expression for the sub- 
tangent of a curve ? 

11. Describe the mode by which you determine 

I 
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the rate at which the area of a curve is increasing, 
for a given ordinate and abscissa, and consequently 
the method of finding its area. 

12. Describe the method of determining the area 
of the surface of a solid of revolution. 

13. Do the same for the solidity. 

14. In the applications of the differential calculus, 
do you ever neglect quantities which you consider in- 
definitely small ; and if you do so, how do you know 
that the result you have obtained is the true result, or 
only an approximation to the truth ? 

15. If the base of a cone increase uniformly at the 
rate of I inch per second, at what rate is its solidity 
increasing when the diameter of the base becomes 10 
inches, the height being constantly one foot ? 

16. At what rate does the solidity vary if the per- 
pendicular diminish at the rate of 3 inches per second^ 
and become equal to 18 inches, when the base, in- 
creasing at the rate of 1 inch per second, becomes 
equal to 10? 

17. If the major axis of an ellipse increase uni- 
formly at the rate of 2 inches per second, and the 
minor axis at the rate of 3, at what rate is the area 
increasing, when the major axis becomes 20 inches, 
the mipor axis at the same instant being 12 inches ? 

18. If the ellipse in the last example be made to 
revolve about its major axis to form a spheroid, at 
what rate is the solidity of the spheroid increasing at 
the same moment, the data being the same as in the 
last example ? 

19. There is a remarkable curve, whose abscissa is 
07, and ordinate y, and the nature of the curve is such, 
that the uniform rate of increase of the abscissa is to 
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the rate at which the ordinate is increasing when the 

a — 2a? 
abscissa is ar, as 1 is to o^ o 5* required, the 

equation of the curve, and consequently the curve 
itself? 

20. There is another remarkable curve, whose 
abscissa is x, and is of such a nature that the rate of 
increase of the abscissa is to the rate of increase of 

the ordinate as I is to o~7" > required, the nature of 

the equation of the burve, and consequently the 
curve itself? 

21. If a cone, a hemisphere, and cylinder stand on 
the same base, and have the same altitude; it is 
required to show that tlie differentials of these solids 
are egtialy but that the integrals of these equal differ- 
entials are to one another as the numbers 1, 2, 3 ? 

22. If a?+y = a, and ar^ = a maximum : required 
the values of x and i/ ? 

23. Ifx-\'i/-\-z = a, and x^z = a maximum: re- 
quired the values of a?, y, and z ? 

24. A London porter-brewer ordered his principal 
clerk to have a cylindrical vat constructed, the dia- 
meter of whose base, together with its height, should 
be 50 feet, and which should hold the greatest possi- 
ble quantity of liquid : required, the diameter of the 
base, and height ? 

25. The same person ordered a rectangular trough 
to be constructed to hold 8000 cubic feet, and to 
require the least possible quantity of wood : required, 
its length, breadth, and depth ? 
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26« A cabinet-maker has a mahogany board> the 
breadth at one end being 4 feet, and at the other 3, 
and its length 10 feet ; and he wishes to cut the 
largest possible rectangular table out of it : at what 
distance from the narrow end must it be cut ? 

27. A carpenter has a tapering tree of valuable 
wood, the diameter of the larger end being 3 feet, and 
that of the lesser end a foot and a half, and the length 
20 feet ; and he wishes to cut the largest possible 
cylinder out of it : required ihe length and diameter 
of the cylinder? 

28. A person applies to a turner to make him a 
cylinder which shall contain a cubic foot of wood, and 
have the least possible surface, including both ends : 
required, the diameter of the base and height ? 



S 



PART III. 



DEVELOPEMENT OF ALGEBRAIC EXPRESSIONS 
INTO INFINITE SERIES, DIFFERENTUTION OF 
TRANSCENDENTAL FUNCTIONS, AND INTEGRA- 
TION BY LOGARITHMS AND ARCS OF CIRCLES. 

Before the learner can read this Part he ought 
to have studied plane trigonometry, the theory of 
indeterminate coefficients, and logarithms. But 
for the sake of those who may not have previously 
studied the two last, we shall give as much as is 
necessary to prevent any interruption by turning 
to other works on these subjects. 



SECTION I. 

INDETERMINATE COEFFICIENTS. 

Let there be two infinite series arranged ac- 
cording to the ascending powers of x^ having the 
first term independent of jt, and the others with 
coefficients, which are also independent of x, then 

i3 
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it may be shown that the coeiScients of the same 
powers of x will be equal, provided the two series 
be equal to each other for every value of x. 

Thus, if a + &r + c3i^-\' &c. = a + bo: + ca?'-|- &c. 
then a ^ A, 6 = b, <; = c, &c. 
For, let ar = 0, then = 49 and bx '\' ca? •{■ &c. = 
Bar + ca?" -f, and dividing by a?, b •{• ex -\- &c. = 
B + car -f &c. Hence, when a? = 0, & = b, &c. 

Hence, if a fractional expression, or an expresi- 
sion having a fractional index, be put equal to 
such a series, and if the series be then nmltiplied 
by the denominator of the fraction, or in the case 
of a surd, raised to the corresponding power, the 
values of the quantities a, b, c, &c. may be deter- 
mined by equating the coefficients of the same 
powers of x. Or, if the terms of the series be all 
brought to one side of the equation, with on the 
other side, the coefficients of the same power of x 
will be equal to 0, from which the values of b, c, 
&c. will be found. If the developement of the 
given function should want any of the powers of 
X, that will be indicated in the result, by the co- 
efficient of that term being (X 

EXAMPX.1B: 1. 

a 

Let ^ A + Bar + car* + nar* + &c. Then 

o— ar 
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— AX — BOJ* — ca?' — &c. 

A 1 

Hence a = aA, and Ass — = 1; aBssA«Bs — ; 

ac = B, c = -^;- D = — &c. 

a , X , x^ x^ , „ 

Hence — — = 1 + -5^+ "^5 + "3 + &c. 

EXERCISES. 

1. Required the developement of , , ? 

2. Required the developement of —» — ;;j ? 

EXAMPLE 2. 

Required the developement of ^a^x or («—«)* ? 



Let s/a—x = A 4- Ba? -I- car* + Da?* + &c. 
^a — x = A 4- Bar -f ca?* -f Da;* -f &c. 

a — a? = A*4- ABar-f Aca!*+ ADa;*+ &c. 

-f ABar + bV -f Bca:^ -|- &c. 

-I- Aca;*+ Bcaj'^- &c. 

-f ADaj^-f- &c. 

Hence a = a* and a = ^Ja = o* ; — a? = 2ABar, 

1 1 

or — 1 = 2ab, b = — -5— = — 



■» • 



2a 2a* ' 

consequently the coefficients, of x^ ar*,. && in each 
of the remainbg terms is = 0; 2ac + b^ = 0, 

— B* 1 * 1 

c = -r — = — ^ 2o = — r; 2ad + 2bc = 0, 
2ac 4a g^f 
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2bC —111 1 , 

2^ 2a* 8a* 16a* 

Hence s/a-^x ^ cP r- -| j + *c. 

2a* 80* 16a* 

EXERCISES. 



1. Required the developement of v^l— ar? 



2. Required the developement of Va^-f-a^ ? 



SECTION II. 

NATURE AND PROPERTIES OF LOGARITHMS. 

(1.) Logarithms are a series of numbers in 
arithmetical progression corresponding to another 
series in geometrical progression. Thus, 

0, 1,2,8, 4, 5, 6 

1, 10, 100, 1000, 10000, 100000, 1000000. 

The logarithm of 1 is ; of 10, 1 ; of 100, 2 ; &c. 

The term logarithm^ derived from X^eov apA* 
IMi {logon arithmos)f which denotes the number 
of ratios, is thus expressive of this property. 
For 1:10: : 10 : 100 ; or, between 1 and 10 
we have one ratio ; between 1 and 100, two ratios 
of 1 to 10 ; between 1 and 1000, three ratios of 
1 to 10, &c. Hence, the logarithm of all num- 
bers between 1 and 10 will be a decimal fraction ; 
of all numbers between 10 and 100, the loga- 
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rithm will be 1 , together with a dedmal Icac- 
tiom, &c. 

(2.) But though this was one of the earliest 
modes of considering logarithms, it is not the 
best for developing their remarkable properties. 
These will be most easily investigated by consi- 
dering the logarithm of a number as the power to 
which a constant quantity, a, must be raised so 
as to be equal to a given number. Thus, in the 
equation a'= Uj x is the logarithm ot n, the con- 
stant number a being called the base of the 
system. 

(8.) The sum of the logarithm of two numbers 
is equal to the logarithm of their product. 

Let a* s=sn and c^' = «', then a* x a''=2 nn' ; 
that is, a*"^* = nn\ or a? + ar' is the log. of » x »'• 

(4.) The difference of the logarithms of two 
numbers is equal to the logarithm of the quotient 
of these numbers. 

Thus, a "^ a , or a =—7 ; that is, 

71 

n 

a?— a/ is the logarithm of —7 

(&) The logarithm of the n* power of a number 
is equal to n times the logarithm of the uumber. 

Since a—Ny («')"= iV^» ; that is, a*^= N^. 
Hence nx = logarithm of JV*. 
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(6.) The logarithm of the »*** root of a number 
is equal to the n^ part of the logarithm of the 
number. 

Since a*=z]V, :ja'^ yiV, ora"=ir. 

X 

Hence — is the logarithm of IJ N. 

Note. The learner must now acquire the habit of 
performing calculations by means of logarithms with 
facility and accuracy. 

EXPONENTIAL THEOREM. 

(7.) It is required to develope a* into an infi- 
nite series. 

Let a =5= l-fa— 1, and let a— 1 = ft, then a*=s 

If this series be arranged according to the ascend- 
ing powers of Xy it will become 

1 +(*-J*»-f-^'-4*4+&c.)ar-fB«*-hca^+ &c. in 

which the coefficients b, c, &c. do not contain x. 

The terms inclosed in the parentheses are found as 
follows : 

2 2 2 2 * * 

Hence the coefficient ofar, derived from this term is 
— ]/^. In like manner, its coefficient from the next 
term will be \l?t &c. 
Let a— 1 be substituted for h in the quantity in- 
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closed in the parentheses, and let the whole be de- 
noted by A, then 

A = («- 1) - j(a- iy+ ^(a- ly- &c. 

Hence a' = l+Ax+ssc^+caf^-^ &c (Jj). 

Also a*= 1+Ay-f B^+cy*-!- &c. 

or X a? =i oF-^y = 1 + Aar+ bo:' -f car* -f- &c. 

Ay •{• A^xy '\- ABo^y -{• &c. 
-I- By +ABa3/'+ *c. 

+ cy -f- &c. 

by multiplying together the two sides of these equa- 
tions. 

Again, since a*"*"^ = l-fA(a?+y) -f B(a?4-y)* -|- 
c (a: + y)'* + &c. 

This series is equal to the preceding, and by the 
theory of indeterminate coefficients, the coefficients 
of the corresponding powers of a? and (x-^y) must be 
equal. 

Hence, since the first two terms are identical in 
both series, we have 
Bar'-f A*ary -f b^ = B(ic-f-y)* = Baj^ + 2Bxy + By*. 

Hence b = — . 
2 

Again, co?^ + ABx^y + ABay* -f cy = c(a?+yy = 

car' + Scarry -f 3cay -|- cy. 

A» 

Hence, c = - — . 
2.3 

In like manner d = — - — , &c. 

2.3.4 

Substituting these values in equation (1), 

^ =1 + ^ + ^ + J^ + J^ + &c. 
1 1.2 ^ 1.2.3 1.2.3.4 

which is the Exponential Theorem. 
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(8.) Letar = l, thena=l +:^+^+^+ &c. 

Again, let a = 1, then 

• JL^ J_ 1 1 

^ + 1 + 1.2 + 1.2.3"^1.2.3.4'^*^* 

= 2.71828, by adding together a sufficient number of 
terms. 

Let e = 2.71828. 

Thene'=l+^ + ^ + ^+&c. 

Consequently e^ := a, and a is the logarithm of a in 
the system whose base is 2.71828. This is called the 
Naperian system from the name of its illustrious in- 
ventor. These logarithms are frequently, though im- 
properly, called Hyperbolic Logarithms. The base 
of the common system is 10, and is generally denoted 
by a. 

. We shall denote common logarithms by the con- 
traction LOG. and Naperian logarithms by log. 

Cor. L Sincea* = 1 -h — -f -^ -f-, &c. 

^11 1 

a^ = 1 -f — 4- -A_- + — t — +, &c. 
1 1.2 1.2.3 ^ 

Hence a^ =^, or taking the Naperian logarithms 
of both sides, we have 

— X log. a = log. « = 1, consequently — = 

A A log. a. 
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The quantity i-, or its equal -— 1 — , is called the 

A log. a 

ModtUtis of the system, and is generally represented 
by M. 

Hence , ' ■ = ^ ,^ \ , ^ = .434294482, 
log. 10 2.30258509 ' 

which is the modulus of the common system, the 
number 2.30258509 being the Naperian logarithm 
of 10. 

Cor. 2. Let a* = ^^^ rs m, then taking the Naperian 
logarithms of both sides, x log. a ^ y log. e. 

Hence, x : y :\ .-^ — : ^ — , or 1. 

log. a log. e 

That is, the logarithms of the same number in the 
common and Naperian systems are to each other as the 
modtUi of the two systems. Hence, to convert com- 
mon logarithms into Naperian, multiply by 2.30258509 ; 
and to convert Naperian into common, multiply by 
.434294482. 

If the pupil multiply common logarithms by 2.3, he 
will obtain Naperian logarithms sufficiently accurate 
for performing the exercises, when used merely as 
exercises for practice. 



SECTION III. 

ON THE DIFFERENTIATION OF EXPONENTIAL AND 
LOGARITHMIC FUNCTIONS AND INTEGRATIONS. 

(9.) To find the diflFerential of a*. 

Let X increase uniformly, and become x-\-h^ then 

K 
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the new state of the function will be denoted by a*"" 

which is equal to (f x a*. 

Now o* = 1 -f aA + bA' + ch^ +, &c. by the 
preceding articles. 

Hence a* x a*, or a^-^^ = a* + K(fh + Ba*A' + 
co*A^ +, &c. mult, by a*. 

Subtracting a', we have the increment of the func- 
tion equal to Aa*A + Ba*A' + &c. Now, had the 
function increased uniformly whilst x increased uni- 
formly, we should have had, dx \ d. (f \\ h \ Aa*h + 

Ti(fh^ -f, &c. :: 1 : Aa« + bo'A + &c. 

But as this is not the case, we must take the limit of 
the ratio when A := o. Hence the limiting ratio is 

1 to Aa*. 

Now, if M = a* , — = Aa* , 

dx 

And du = Aa*dx, in which A is the Naperian log. 
of a. 

Rule. Multiply the exponential a* by the Na- 
perian logarithm of the base, and by the differen- 
tial of JT, the product will be the differential a*. 

Thus, rf . a* = log. a X (f X dx. 

Ex. If a; increase uniformly at the rate of 1, at what 

rate is (f increasing when a = 10 and x = 2? 

dx: d. a* : : 1 : log. lO x lOO ; : l ; 230.258509> 

or the function (f is increasing 230.25 times faster 
than X, 

(10.) If the natural numbers increase uniformly, 
to find the rate at which the logarithms are in- 






, — . Of J. 
GEOMETRICAL ILLUSTRATION. ' ^.^ 

creasing when the natural numbers are passing a 
certain limit, or in other words, to find the differ- 
ential of the logarithm of a given number. 
Let a* ^ Xy that is t^ = Loo. of ar. Then 

dx dx 1 dx 

Aa*du = dx and du => — •„ =* — = - X — 



Aa' 



AX 



X 



dx dx . - A, ^M 1 

= M X — = — when M =: I. Also, -^ = -. 
XX dx X 

Rule. Divide the differential of the given num- 
ber, by the number itself, the quotient will be 
the differential of the Naperian logarithm of the 
number. 

Ex. If the natural numbers increase uniformly at 
the rate of 1 per second, at what rate are the Nape- 
rian logarithms increasing when the natural number 
becomes 2 ? 

dx : du :: 2 : I : : i : j, 

that is, the logarithms are only increasing half as fast 
as the natural numbers when the natural numbers are 
passing the limit 2. 



GEOMETRICAL ILLUSTRATION. 



1. In the Straight line 
AD take any number of 
equidistant points, and 
draw perpendiculars at 
these points, and take 
these perpendiculars in 
geometrical progression. 




o A c r D 



■J -) 
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then the curve which passes through their extremities 
will be the logarithmic curve. 

Let AB = a the base, oi = 1, 
Then, since 1 : « : : a : ce, ce = a*, 
And a : a* : ; a* : fg, fg = a\ 
Hence, oa is the log. of ab, oc the log. of ce, of 
the log. of FG, &c. 

2. Let an ordinate move uniformly along ab, that 
is, let the abscissa x reckoned from o, increase uni- 
formly, required the rate at which the ordinate y is 
increasing when a; = 2, the ratio of oi to ab being 
that of 1 to 10, or the curve being that which belongs 
to the common system. 

Since a* = y, c?. a* = rfy. 
But c?. a* = log. a X (f X dxy 

And ^ = log. 10 X lO'^ = 230.2585093, 
dx 

Hence the ordinate ce is increasing 230.25 times 

faster than the abscissa. The ordinate fg is increasing 

2302.58 times faster than the abscissa, &c. 

3. Let the ordinate move along ob so as to increase 
uniformly, at what rate is the abscissa (reckoned 
from o) increasing when the ordinate becomes 100, the 
curve belonging to common logarithms ? 

a« = X, —=m1- = .43429 x -L- = .0043429, &c. 
dx X 100 

That is, whilst the ordinate increases uniformly at 
the rate of 1, the abscissa is only increasing at the 
rate of .0043429 when the ordinate is equal to 100. 

(11.) To find the difierential of an exponential 
function of two independent variables, y". 

^* ^^ ^ ^ *- " 
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Let t/ = y^, taking the Naperian logarithm of both 
sides, log. u=ix\og. y, di£Perentiating both sides we have 

— =zx X d. log. y + log. y X dxy that is, 
u 

du xdy , I , 

— = — ^ -i- log. y. dx. 
u y 

Hence du = a^'^dy + log. y. y*. dx. 

Rule. Take the sum of the partial differentials 
by supposing first, y variable and x constant, and 
then X variable andy constant. 

CoR. In like manner we may find the differen- 
tial of y**. 

Let xf be constant, and y variable, the partial dif- 
ferential will be xfy'^-'^dy. Again, considering y con- 
stant, and xf variable, we have the partial differential 

equal to log. y,}f d,x ; but d. a^ =: zx ' dx -\- log. 

X . X . cus* 

Hence d. y^ = st^y'^'^dy + log.y. y^{zxf'''^dx + 
log. X, afdx). 

EXERCISES. 

1. If y increase uniformly at the rate of'2, and x at 
the rate of 1, at what rate is the function y" increas- 
ing at the moment y becomes 10, and ;v, 3 ? 

2. If y increase uniformly at the rate of 1, ;v at the 
rate of 2, and z at the rate of 3, at what rate is the 

function y"^ increasing when y becomes 10, ^ being 
equal to 4, and z equal to 5 at the same instant ? 

(12.) The integral of log. aa'dx will obviously 
be a*. 

K 3 



I 



A 
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Thus, y log. iufdx as a* -f- c. 

3.x 
Also the integral of — will be the log. of x. 

X 

Thus,/^ = log.a;+c. 

Note. If_be put into the form a?~ ^cte it might 

appear to come under the form x^^dx in Part 
First. If we try to find its integral by the rule, for this 

form we should have / aT^dx = _?!^ = fl 4. c 

= Q -f c = infinity, which shows that we are applying 

a rule to a particular example which does not come 
under that rule. 

EXERCISES. 

1. What is the integral of ? 

a-k-x^ 

2. What is the integral of , and its numerical 

a? -fa 

value when a? = 10, a being 2 ? 

3. What is the integral of — r- ? 

4. What is the integral of , and its numerical 

X ^" X • 

value, when a: = I ? 

(13.) The learner may, by combining the pre- 
ceding rules with those in Part I. differentiate 
more complex exponential and logarithmic func- 
tions than those already given. We shall give 
him a few exercises, with some hints how to 
proceed. 
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EXERCISES. 

1. Differentiate — — — , by the rule for fractions 

and that for exponential functions, and find the nume- 
rical rate of increase of this function when a = 10, 
and X becomes 2. 

2. What is the differential of (a' + lfy and at 
what rate is the function increasing when x becomes 
equal to 3, a being 2.71828 ? 

3. What is the differential of a* x o*, and at what 
rate is the function increasing when x increases at the 
rate of 2, y at the rate of 3, at the moment when x 
becomes equal to 1 . 5 and y = 2 . 5, the base a be- 
ing 10 ? 

4. Required the differential of the Naperian 

logarithm of ^"""^y and the rate of increase of the 
a — X 

function log. ^ when x increases uniformly at the 

a — X 

rate of 1, becomes equal to 4, the constant a being 5 ? 

(a\* (f 

d. (±.)'= log. ± X (±)'x dx + x(±\"' X d.± 

\ X y X \ X ^ \ X ^ X 

The learner will reduce it to a simpler expression, 
and find the differential coefficient of the function 

— \ when X becomes 2, the base a being 10. 

(14.) When we meet with a differential in a 
fractional form, in which the numerator is the 
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differential of the denominator, we have already 
seen that its integral is the Naperian logarithm 
of the denominator; but it frequently happens 
that we have to find the integral of fractional 
differentials, in which this is not the case, as the 
expression is given, but which may, by certain 
substitutions and other algebraic artifices, be 
brought to that form, and the integral obtained. 
The following are useful examples. 

_, dx 

1st Form, , 

Let ar' + a* = v\ then ^xdx = 2vdvy or acdx = vdv. 
Hence x : v \: dx : dvy anda?-|-i? : v : : dx-\-dv ; dv, 

_, - dx+dv dx dx , , /• 

Therefore ; = — = - ; but the first 

x+v V ^/x'+d' 

expression has its numerator, the differential of its de- 

pdx-\-dv 
nominator, and consequently y — , = log. (ar-fv) ; 

_ /» dx V 

therefore J - y— -— — log. (x+ ^/x'+ «0 i i« 

like mannerly , = = log. (x— Jm? -{- a^\ 

2nd Form, 



>/a;'+2aaj 



Let ^/a?+2ax ^ «?, then a?' 4- 2ctx = v^\ and 
0?'+ 2aa;4-a*= v'^-\-a^y extracting the square root. 

a7_+ a = s/f^^+ ct^'j hence dx = d.(v^+a^y = 



^/^r'+d' 
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Hence = -, by dividing the first 



side of the equation by x/a* -|- a% and the second by 

dv 
its equal v. Now, ;■ z is the first form, which 

has already been integrated. Hence 

V t?* + a-* 

log. (a?+aH- s/ar^+2ax,) 



Also, by taking ^ijc^-~2ax = v, we obtain 



A -I <r« 2adx 2adx 

.3rd Form, 7^ or —"""^ 



Since 



2ad!r 2ad!a? c2r — dx 



o* — ar* (a+a;)(a — x) a 4- a? a — a?' 
^ — €?a?\ /, dx >, — ^ 



-• (zx — ax\ ^ ax >, — ctx _^ 

*^ \a+x a — x/ •^ a-^x "^ a—x 

log. (a+x) — log. (a—x) = log. 



a — X 



-, ^ 2adx . X — a 

Also / —5 5- = log. , 

^ a?^— a^ ^ x+a 



^ , ^ 2a£^ 2ada? 

4th Form, — -=== or 



^\/«'+a?* a?x/«*— a?'' 



Let s/c^-\-x^ = r, then c^-^-o^ '==. «?*, and xdx^=i vdv. 
Therefore = — 2~> by substituting —j — for v. 

XV X Q/V 
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„ 2adx 2adv , ... i. , 
Hence = —^ 5-, by substituting the value 

of V in the first side of t^e equation, and the value of 
a:' or r*— a* in the second. But the integral of the 

form — is equal to log. """^ by the last example. 



„ >, 2adx , y/d^-^x^—a _ ... 

Hence / — , = log. , — . In like 



manner, / = log. ■ 

•^ x^d'-x" ^ a+s/a'-x' 

X dx 
5th Form, 



2 , -2 



Let V = — , then rfy = •— a; dx, and — dv = x dx* 



X 

X dx —dv 



Hence — ■ = , which is the first form. 



Therefore f =. = — log. (v-f -s/a^-f «?0 = 



■ . 

X 

Obs. We would advise the learner to collect into 
tables those forms of differentials whose integrals he 
has been able to obtain. Thus the results of the in- 
vestigations in this section maybe arranged as follows. 

1. y*log. aafdx = o*. 
*dx 

X 



/dx 
— = log. X. 
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3. f X dx = log. X. 

5. / { ^y'^^^^y + ^^g- yYi^^^^dx + log. x.7^dx) I 

— y • 

, = log. (a?+o-f ^ar'+2aa?. 

^- y -^z — 3 = log. — !— . 

9. /4?^^ = log.f=f. 
a? — a x+a 



.^ P 2adx , >/a^ + a?*— a 
10. y = log. - . 

Xs/(]^-\-^ w c^-\'X^-\-a 



2€uix , a— s/c^—3^ 



11. /^^_==log. 

a7^a^ — 7^ a'\' s/a^—di^ 

12. /-^= = -log. i + v-rr^ 

vo^4-F a? 



108 



PRINCIPLES op THE CALCULUS. 



SECTION IV. 

ON THE DIFFERENTIATION OF CIRCULAR FUNCTIONS 
AND INTEGRATION BY ARCS OF CIRCLES. 




(1.) To find the differential of the arc of a 
circle. 

Let AB be the di- 
ameter of a circle, 
then, if the tangent 
FEH be drawn, and 
£6 at right angles to 
HK, it has already 
been shown (page 71) 
that if the arc ae 
be represented by z, ad by ar, and de by y, eg = 
dx, GH = d^y and eh = dz. Hence we may easily 
determine, by means of the similar triangles egh, edc, 
fec, the rate at which the arc ae is increasing or di- 
minishing at the point e, the various trigonometrical 
lines being considered in succession as the independent 
variable. 

Let a equal the radius ; x = the versed sine ad ; 
1/ = sine DE ; y' = cosine cd ; ^ = tangent ef ; 
and tf = cotangent; s = secant cf; and s' = co- 
secant. 



Then y = >/2«a;— ar*; i/ = ^a^^t/^ ; t = s/s^^a^. 

1. Let the ordinate or sine move uniformly along 
AB, that is, let x be the independent variable. 
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Since de .* ce : : eg : eh, 
Or, y \ a :: dx : dz, 

2. Let the ordinate or sine ttiove along ab so as to 
increase uniformly ; that is, let y be the independent 
variable. 

Since cd : ce : ; gh ; eh, 
Ort/ : a : : dy : dzy 

y >/a'— y* 

3. Let the cosine be the independent variable. 
Then, since the arc diminukes when the cosine in- 
creases, at the same rate as it increases when the sine 
is the independent variable, the form of the differen- 
tial will be the same as for the sine, except the change 
of sign from plus to minus. The same remark applies 
to the cotangent and cosecant. 

Hence, di = -Zf^ = ,^^ .(3) 

y Va^ — y* 

4. Let the secant be the independent variable. 
Since of : ce : ; ce ; cd. 

Or s : a : : a ; CD = — 

s 

a' a^ds 

We have ad or a? 3= a — -2> and dx = —-j- 

Again pe : cf : : gh ; eh, 

Or ^ : * :: dx : dzy 
That IS, * : s :: -j-: dz, 



a^ds ^ ^ 
Hence dz = =: — (4) 

St Sf^s — a 



f 
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5. Let tlie cosecant be the independent Tariable. 
Then, dz^^^^ -=:^=, (5) 

6. Let the tangent be the independent variable. 

sdz 

Then, since t = ^/**— a* ; di = . 

But dz r= — = - — , mult, both nu- 

merator and denominator by s. Hence, by substituting 

9ds 
dt instead of j===r in the last expression we have 

* = -^ = ?+? <'> 

7. Let the cosecant be the independent variable. 

Then^ = ^=-;|^ (7) 

EXERCISE. 

If the versed sine, sine, tangent, and secant increase 
uniformly in succession at the rate of one inch per se- 
cond, at what rate is the corresponding arc increasing 
when the versed sine is 50000, the sine 20000, the 
tangent 1000000, and the secant 1500000, the radius 
of the circle being 100000 ? 

(2.) We are now enabled to integrate several 
new forms of differentials by means of the arcs of 
circles. 

Thus, since cfe = .-3 ^ fdz or z^=^f .===• 

Hence it is obvious that if we know the numerical 
values of the radius a and the sine y, we can easily de- 
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termine the length of the arc z. The results obtained 
in the last division may be conveniently arranged as 
follows. 



When radius = a. 
adx 



ady 



= z 



= z. 



1./ 

7. / — === = z. 



= z 



When radius = 1. 
dx 



2./ 
4./ 



6./t 
8./ 



dy 



ds 



= 2r. 



= z. 



=: 2r. 



«>/« — 1 



= Z. 



These integrals require no correction, for when x, 
yy tf or 8, is 0, the arc z is 0, and consequently the 
constant is 0. If mimi8 be placed before these expres- 
sions, we obtain the forms for the coversine, cosine, 
cotangent, and cosecant. 



EXERCISES. 



a^dx 



1. What is the value of the integral of 

when a = 100000, and x = 100000 ? 

2. What is the numerical value of the integral of 

adx 
— when a = 100000, and x = 50000 ? 

>/2aaj— ar* 

$• What is the numerical value of the integral of 
dx 



1 -a^ 



when a? = .5 ? 



4. What is the value of the integral of 
when a; = 5 ? 



dx 



Xs/x — 1 
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Cor. 1. If the two first forms in the first column be 
divided by a, and the second pair by c^y we shall obtain 
a new series of differentials whose integrals are known. 

adx p dx 

' •/ »j2ax — ar* ' '^2ax — a?' 



dx ] 



And r ,==== = —z. Hence 



/dx 1 ^ dy \ 

Cor. 2. If we suppose the radius equal to -^ in the 

three last expressions, or if we substitute — for a, we 

h 

shall obtain a new series of differentials, whose inte- 
grals will thus be determined. 

dv dv 

Thus . becomes i — , Hence, 



A 






Also hf—M= = ^z and/— 1= = J-^. 

By going through the same process with the re- 
maining two we obtain the following results. 

p dt 1 p ds h 
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The sign minus placed before these will give the 
forms for the cosine, cotangent and cosecant, the 
radius being = •-.. 

If we substitute — for a in the first expression, we obtain 

J , . = 2—TZf when the radius = ^cto- 

EXERCISES. 

1. What is the value of f—z — when a = 

100000 and x = 20000 ? 

2. What is the value of / ^ when a = 
100000, 6 = 150000, and x = 200000 ? 

3. What is the value of / •; r between the 

c/ a 1 -fa:' 

limits a = 2 and 6 =s 3 ? 

(3.) To find the differentials of the sine, tan- 
gent, secant, &c. of an arc of a circle, the arc 
being the independent variable. These may easily 
be deduced from the differentials of the arc in 
preceding numbers. 

Since dz = ; dx = — vdzi that is, 

y a 

d. versin z = — sin zdz = sin zdzy when a = 1. (1) 

Since dz = — IL; dy = — y'dz ; that is, 

y a 

l3 
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d, sin z = — cos zdz = cos zdzy when a ^ 1. . . (2) 
Since dz = — — ^; dy' = ydz; that is, 

d* cos 3f =1 — — sin zdz = —sin zdz, whena = 1, (8) 

Since cfo = — r-; dt=i—3 s^dz ; that is, 
s^ a 

rf. tan z = — 7 (8ec5r)*£& = (sec «)*£&, when a=l. . (4) 

Since dz = "^'^ ; eft' = — \ ^dz ; that is, 

^2 ' a 

c?. cot z= — — a(co8ec2;)*d2f= — (cosec 2:)'£fo,ifa=l. (5) 

Since c^zr =: ; ds = sbdz ; that is, 

«^ 

d. sec i? = — 3 sec ar tan zdz =: sec 2r tan zdzy if a^ 1. (6) 

Since dz = -^ ; d^ = 5 *'^^« ; that is, 

rf. cot z = — — 2 cosec 2; cot zdz = — cosec 2 cot zdz^ 

a 

when a = 1 (7) 

Note. Had we determined the differentials of the 
sine, tangent, &c. from first principles, as is general- 
ly done, the differential of the arc would have been 
obtained from those of the sine, tangent, &c. Thus, 

if d. sin z := cos zdz^ dz = -J . Sir John Her- 

cos z 

schel, by considering the arc as the inverse function 
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of the sine, tangent, &c. and using — 1 to denote in- 
verse, has proposed the following notation, which is 
chiefly adopted in this country. If sin x denote the 
sine of the arc ar, then sin" 'a? denotes the ore of the 
sine Xy that is, the arc whose sine is x; and d8in''^x, 
the differential of the arc whose sine is x. In like 
manner, log.'^x denotes the number whose logarithm 

is Xy and dlog.'^x the differential of the number whose 
logarithm is x. 

To accustom the learner to this notation he may 
write over the results in division (1) and (2) by using 
X as the independent variable. Thus, 

dz = ^ IS written, a versm x = 



's/^ax—x^ >/2aa?— a?* 

Also, 

f-j=== = Zy is expressed by,/— ====== sin-^a?. 

w ar^y va'*— a;* 

EXERCISES. 

1. If a point start from the extremity of the dia- 
meter of a circle, and move uniformly in the circum- 
ference at the rate of 1 inch per second, at what rate 
is the versed sine, sine, tangent, and secant increasing 
when the point is passing the thirtieth degree, the 
radius being 100000 ? 

2. The data being the same, at what rate is co- 
versed sine, cosine, cotangent, and cosecant diminish- 
ing, when the point is passing the sixtieth degree ? 

(4.) By the application of the preceding for- 
mulas we may differentiate more complex forms 
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than those which we have previously considered. 
We shall give a few examples. 

1. Required the differential of the sine of the sine 
rfzj that is, if the sine of z be bent into the arc of a 
circle, it is required to find the differential of the sine 
of that arc ? 

Let u = sin of sin z. Assume sin is =i y^ then 
t« = sin y ; and du = cos ydy = cos y cos zdz 
= cos sin z cos zdz, 

2. The pupil will show that d, sin of cos z = 

- (cos zy sin zdz. 

3. It is also required to show that d, sin log. z = 

t dz 

cos log. z — . 

z 

4. If the sine of an arc of 30" be bent into the arc 
of a circle, and if a point move uniformly in the cir- 
cumference at the rate of an inch per second, required 
the rate at which the sine of the sine of 30^ is in- 
creasihg, the radius being 100000 ? 

.5. At what rate is the sine of the arc equal to the 
Naperian logarithm of an arc of 30^ increasing, the 
other data being the same ? 

6. What is the differential of sin z x cos z ? 

7. What is the differential of 55_i? 

cos 2? 

(5.) By means of the formulse in division (3) 
we obtain the integrals of the following expres- 
sions, in which z, or the arc of a circle, is the 
independent variable. 
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When rad. = a. 
1. f — sin zdz^ versin z, 

3, J — cos 2r 6^ = sin z, 

5. y*— 3 (sec zydz = tan z, 

7. y*— -5 8ec2ftan2;£fe=secz 



When rad. = 1. 
2. J* smzdz^s. coversin z, 

4. y* cos 2r d!? = sin z. 
6, y (sec 2:)*cfo = tan z. 

5, y*8ec z tan zdz =: sec^r. 



If minus be placed before each of these expressions 
we have the forms for the coversin, cosine, &c Thus, 

— /* — sin zdz = cos z, which is left as an exercise 
»^ a 

for the learner. 



EXERCISES. 



1. What is the value of — f cos z dz when a = 



100000 and z = 50000 ? 



2. Find the numerical value of /^ --^ (sec zydz 
when r = lOOOOO, a = 20°, and ft = 80° ? 



SECTION V. 



ON THE NOTATION OF FUNCTIONS IN GENERAL, 
AND THEIR DEVELOPEMENT. 

(1.) When an algebraic expression containing 
X is spoken of generally^ without regard to its 
particular form, the letters f^ f, (J>, \^, are used 
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instead of the term function. Thus fx may de- 
note JT*, x*, ^a-\-Xy log. Xy sin x, &c. When any 
function of x enters into an algebraic expression 
as a single letter, the expression is inclosed, and 
the letter f f, &c. placed before it. Thus, 
(j:*-f flx^) may be viewed as a function of x*, and 
is denoted hyf{x^). 

To denote a function containing two indepen- 
dent variables, as x, y, we inclose the variables 
and place the sign of function before them ; thus 
ay-\'b3i^ may be expressed generally by^ (x,y). 

(2.) The same functional letter is employed to 
denote the same form of expression when the va- 
riable and constant quantities are expressed by 
different letters. Thus, if fx denote ax+x^, then 
vy will denote by+y^. Also, if fx = ax+x*, fc^x 
= a^x-f(^x)^ For ex. if <^x = n/x, then f^x = 
«>/x-f (v^x)^ 

(3.) If fx denote a function of x, then f^ x 
denotes the inverse function of x. Thus, if^x = 

log. X, theny""^x = the number of which x is the 

logarithm. If /x = sin x, then f x denotes the 
arc of which x is the sine. 

EXERCISES. 



1. Iffx = s/ax^+ b^x and ^ = {a+x)\ what is 
the value offibx ? 

2. l£ fx =s ^x, what is the numerical value of 

f~^x when x = 16 ? 
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(4.) If an equation be necessarily true for every 
value of the variable which it contains, it is called 
a Functional Equation.* 

Thus, if ^ = aa?, theny(2a?) = a(2a?) = 2aa? = 2 x^. 
Also, if /a; ^ x% fy ^ y% then fxxfy = ar"xy" = 

(^)" = /(^)- 

EXERCISES. 

1. If ya? = a*, and fy = a^, it is required to show 
that /a?X^ =:/(a?-fy) ? 

2. Iffx = ax+bxy show thatya?x^ =yi^-fy)« 

(5.) The learner must have observed, that 
when x+h is substituted for x in all the functions 
which he has yet developed, the Jirst term of the 
developement is always the same as the primitive 
function, and the other terms succeed each other 
according to the ascending powers of h. 

Let the function be a?^ then (a?-f A/ = x^ + 3x'^h4- 
3xh^+h% in which the first term is x% and the others 
contain h, h\ h\ in succession. 

If we employ the notation of functions this property 
will be expressed thus : 

f(x+h) = /a?-f AA-f BA'-fcaj'-l- &c. 

The steps by which this is demonstrated are the 
following. 

1. Let A = 0, then fx =:fx, so that fx must be 
the first term of the developement* 

* See De Morgan's Algebra, page 203. 
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""2. None of the powers of h can be fractional, or in 
the f(M:m v^A, l/hy &c. 
3. None of the exponents can be negative, for 

then h ss -r-, and when A =r 0, -r- = -jr = infinity, 

which, on this supposition, would be equal to a finite 
quantity.* 

It was on this property, viewed in all its generality, 
as applying to all functions, that La Grange founded 
his " Theory of Functions," or his mode of establish- 
ing the principles of the differential calculus without 
employing the ideas of motion or limits. 



SECTION VI. . 

ON SUCCESSIVE DIFFERENTIATION AND INTEGRATION. 

(1.) As the differentials of all expressions 
which contain x raised to any power also contain 
X raised to the next inferior power, 2ind as the 
differential of the independent variable always 
retains the same value, we may consider the dif- 
ferential of a function as a new function and de- 
termine its differential accordingly. 

Let u = a?^ then du = Sx^dx. Now, since Sx^dx 
contains a;, we may differentiate it as a new function. 
Hence, since dx is cotistanty the differential of Sar^dx is 
6xdx X dxy or Qxdx^y which is called the second dif- 
ferential of u. Again, the differential of Qxdx? is 

* La Grange, Th^orie des Fonctions Analytiques. 
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^xdai^ X dxy that is, 6e^, which is the third differential 
of u. As this does not contain x^ but only dx, the 
operation can be carried no farther. The second 
differential of u is written d^Uy the third d^Uy &c. Or, 

according to Newton's notation, by iiy Uy &c. 

Hence du 5= 3x^dxy and --- = 3x\ 

dx 

d^u = 6xdx\ and --— - = 6x* 

dxr 

d'u = eda^y and ^ = 6. 

dx^ 

The learner must not confound d^u with dt^y the 
former denoting the differential of the differential ofuy 
and the latter the square of the differential ofu* 

EXERCISES. 

1. Determine the successive differentials of ax*? 

2. Required the successive differentials of (a +ar*)' ? 

(2.) Since a function admits of a series of suc- 
cessive differentials, a differential may have a 
successive number of integrals. Thus, if we have 
given the third differential of a function, we may 
obtain the primitive function after three successive 
integrations. 

£x. Required the function of which 6dx^ is the 
third differential ? 

Again, f^xdo^ = Qfocdx^ = ^x^dx* 

Lastly, f^^dx = Zfx^dx = a", the function required. 

M 
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This process is denoted by placing the sign of inte- 
gration before the differential as many times as there 
are to be integrations, or by placing a small figure 
above the sign, denoting the number of times. 

Thus, fff^dx", or f%d3^ = ar*. 

Ex. Required the function of which I20aVd!r^ is 
the third differential ? 

maclaurin's theorem. 

(3.) It is often required to develope an alge- 
braic expression into an infinite series, and deter- 
mine the particular law of the series. The first 
example of this kind which occurs to the pupil in 
his mathematical studies is generally the expan- 
sion of ^ into an infinite series of decimal frac- 
tions. He has also had many examples of this 
general problem in the division of algebraic frac- 
tions, the extraction of the square or cube roots, 
the binomial theorem, and the theory of indeter- 
minate coefficients. The theorem which we are 
now to investigate will put him in possession of 
another method of efl^ecting the same thing by 
successive difi^erentiations. 

Let u represent any function of rr, as, for example, 

(a 4- a;)", »Ja-\-x\ and let us suppose that this function 
when expanded will contain the ascending powers of 
Xy and coefficients not containing Xy which are to be 
determined.' Let these coefficients bo represented by 
A, B, c, &c. then u = A+Ba?-f caj'+Da^+Ea?*^- &c. (1) 
If we difibrentiate this equation and divide both sides 
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by dXy we have -if = b H- 2ca? -f Boaf &c. Differen- 

dx 

tiating and dividing by dx, and continuing the pro- 
cess, it is obvious the coefficients a, b, c, &c. will dis- 
appear in succession, and the result will be as follows : 

Jf = B-f2ca:+8DH4E*H- &c. 
ax 

d^u ^ ^ ^ ^ 

— -= 4-20 -f2. Soa? +8. 4Ea:*+ &c. 

oar 

^= +2. 3d +2.3.4Ear-f &c. 

.Let (u) denote the limit to which the given function 
approaches as x diminishes, and ultimately becomes 0. 

And {-f) the limit of the differential coefficient 

when a? = ; 

/--7-^\ the limit of the value of -r-j when a? = 0, &c. 
Then 



1 /cfw 



)'^ = 27k4(S)^*'*"- 



2.8 Veto' 
Substituting these values for a, b, c, &c. in eq. (1) 

which is Maclaurin's Theorem. 
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EXAMPLES* 



!• Expand -r- — into an infinite series. 
1 — X 

T *. ^ ,, , dx du 1 

Let u = i_^, then rfw = -^j-^.; ^ = ^j— ^,. 

Also ^= TTZTT*' ^^ differ, and dividing by dx, 

d^u 
And ^ = ____, by differentiating the last equa- 
tion and dividing by dx, &c. 

Substituting 1 for these expressions in Maclaurin's The- 
orem we obtain -r-—- '=l + a? + a^ + a^-h «*+ &c. 



2. Required the developement of v^ 1 +« ? 
Let M = (!+«)*; then 



Again ^, = _ J . J (1+ar)' = — Jj^^ by diflFeren- 



tiating and dividing by dx. 

^ , d^u h 'i'i . . 

Also — ;-3- = — ^ 1, &c. &c. Hence 

^ (1+^)* 

Substituting these values in Maclaurin's Theorem, 
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EXERCISES. 



1. Required the developement of N/a+a? by Mac- 
laurin*s Theorem ? 

2. Expand (a-fa?)" by Maclaurin's Theorem, and 
also by the Binomial Theorem. 

3. Required the series which expresses the cube 
root of a-fia?? 

4. Required the developement of — T^ ^ 

1 

5. Expand / . into an infinite series. 

6. Required the series which expresses the cube 
root of 9, by making 9 = 1 -f 8 ? 

TAYLOR'S THEOREM. 

(4.) The theorem which we are now to investi- 
gate was first given by Dr. Brook Taylor, and is 
of great use in expanding functions into infinite 
series. The following is the principle on which it 
is founded. If in any function of x, x be changed 
into 37+ A, and if the diflferential coefiicient of this 
new function be determined, that coefficient will 
be the same whether we suppose x to vary uni- 
formly and h to remain constant, or h to vary and 
X to remain constant. 

Let' the function be t« = ar*, then the new function 
is w'= (a?+A)*, the differential coefiicient of which is 

---- = 3(a?+A)' on the supposition th^t x varies and 
dx 

h remains constant. Again, if h vary and x remain 

M 3 
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constant, the differential coefficient is -— -= 3(a?+A)'; 

ah 

, dv! du! 

hence — -- = -— . 

ax da 

The principle is so evident as to be almost an 
axiom, ior x+h will produce the same change in the 
function whether x receive an increment k and h re- 
main constant, or h receive the increment and x remain 
constant. For in both cases the new value of rr + ^ 
will be a; + A 4- A. 

(5.) Let u represent any function of a?, 
And u' the new function when x becomes X'\'hy and 

let w'= w+A^-i-BA^-f cA^-h &c (1) 

in which A, b, c, &c. are unknown functions of x. 
Let X be supposed constant and h variable, then, by 

differentiating and dividing by dh, we have 

^ = A -f 2bA + 3cA'+ &c. ...... (2). 

dh 

Again, let h be constant and x variable, then 

du' =idu +dAh-\-dBh^'\' &c. Dividing by dx we have 

du' _^ du cfA, 6?B-a rfc.3 . . 

dx dx dx dx dx • • • • \ / 

Now, since the first sides of equations (2), (3) are 
equal, the two series on the second side are identic 
cal, and, by the theory of indeterminate coefficients, 
the coefficients of the same powers of h are equaL 

_^ du dx dB dc ^ 

Hence a = -j-, b = ^rj-, c = ^3-, d = --j-, &c. 
dx 2dx Sdx 4dx 

Substituting this value of a in the next equation, we 

have B = , - -7—2 ; substituting this value of b in 
l.J eix 
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the next, c = -73, &c. Introducing these 

values of a, b, c, &c. into equation (1) we have 

is Taylor's Theorem, 

EXAMPLE. 

Required the developement of >/a? + A or (a?+A)*? 

Let u-ss^ sjx and v! = (a?-f-A)% then 

dx ^ du 1 ,-i 

^s/x dx 2s/x ^ 

Also d^u = — J . J a; diii', and —^ = ^ * ^ , &c. 

ax ^t 

Substituting these values in Taylor's Theorem, we have 

That is, Va:-f-A = a!*+ \ -j -i*-^ + tV-ft — ^^- 

or afa a?* 



EXERCISES. 

1. Required the cube root of a?+A? 

2. Required the developement of the square root 

of 2? 

i 

3. Required the developement of (o+a?)"? 



1^8 



SECTION VII. 

APPLICATION OF THE PRECEDING PRINCIPLES TO THE 
CALCULATION OF LOGARITHMS, AND OF SINES, 
TANGENTS, AND SECANTS. 

(1.) To find the developement of log. (1 -fa:). 

cf. (I+a?) dx 
Let u = log. (I +a?) ; then du = — f-r = -, » 

But =i dx — xdx + x^dx — st^dx + &c. by div. 

l-f-o; 

Hence w =^Jdx —Jxdx +Jx^dx^Jx^dx -h &c. by in teg. 

j^u^ y%M^ yw^A 

That is, log. (l+a:) = a? - - + - - j -f &c. . . (1) 

which is the series for the Naperian logarithm of 
l+x. 

To find the developement of log. (a+x) by 
MaclaurirCs Theorem. 

Put u = log. (a+a?), then (w) = a, when a? = 0, 

^ = — ^, therefore /:^^ = -^ 
dx a -{- x' \dx/ « 

^«« = ! therefore {^^\ —- i- 

— T = 7 — i^ — ^j therefore i — i = —5 

ef*w 2.3 ^, n /d*u\ 2 . 3 

__- = — 7 — ; — rr , therefore f — ) = — — -r- 
dx^ (a+xy \dx*/ a* 

&C. &C. 
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Substituting these values in Maclaurin's Theorem, 

log. {a+x) = log. « +-^ - 2^. + |te« - *''* 
Hence, when a = 1, 

x^ ar* a?* 
log. (1+a?) = 3? — -g +-g 7--f &c. as before. 

To find the developement of log. (or+A) by 
Taylor's Theorem, 

Let u = log. a?, and u' = log: (a? + A), then 

* dx -i du 1 
tftt =: — , and — = ^ , 

a? dx X 

diir^""""a?'' ^" ar*'^"""^' ^* 

Substituting these values in Taylor's Theorem, 

1 / . i:x 1 h h^ h^ h^ ^ 

log. (a^+A) = log.a: + _-_ + --_ ^ &c. 

Or substituting a for ar and x for A, we have 

/Vl /M^ /Vl^ /W^V 

log. (a+a:) = log. a + _ - - + -3 - — + &c. 

as before. 

(2.) The successive terms of the series thus ob- 
tained for log. (1 +a?) diminish in value when x is less 
than 1, and increcLse when x is greater than 1 ; but 
even in the former case the series converges so slowly p 
as to be of no use for jifdetermining the numerical 
value of the logarithms of numbers. 

By means . of this series, however, we may deduce 
another, which will converge more rapidly, and is 
therefore better adapted for numerical calculation. 

Substituting —a; instead of + a? in the series, we have 



/ 
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a? a^ x"^ 
log. (1-a?) = -« - -^ - -^ - — - &c. 

Subtracting this series from series (i), 

2^ 2re* ^a? 
log. (1 +a?) — log. (1— a?) = 2a? + X'^'s"'^"?" ■*"^^' 

1-far 2a;' 2ir* 2a?^ 

That is, log. j^;^ = 2a?H--^+y + -^ + &c. 



Let —3— = IH — , and therefore x = 



And 



1— a? » 2w+;2f 



1-a: 



1- 



2^ 2» » 



2n-{-z 



Hence log. (n-^-z) — log. n = 

This series converges with su£Scient rapidity to 
determine the logarithm ofn-hz, provided we know 
the logarithm of n. 

EXAMPLE* 

Required the logarithm of 2 ? 
Let » = 1 and z ^= 1^ then, since log. 1 = 0, we 
have log. 2 = f + f x 33 + f x 35 -f &c. 

The learner will now find the value of seven terms 
of this series in decimal fractions, the sum of which 
will give him the number .6931471, which is the 
Naperian logarithm of 2, and this number multiplied 
by .43429448 will give .322219, the common loga- 
rithm of 2. 
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EXERCISES. 

1. Let n = 2, z = 1, then log. (2+1) = 

log.2+2 {3+3755 + 5755 + 7757+ ^^-j 
from which the learner is required to find the log. of 8? 

2. Required the log. of 4 ? 

3. Required the log. of 5, 6, 7, 8, 9 ? 

Note. The converse of this problem, viz. " To find 
the number corresponding to a ^ven logarithm/' has 
already been investigated under the name of the 
" Exponential Theorem." 

(3.) To find the developement of sin x. 

1. By Maclaurin's Theorem. 
Let t« = sin a;, then (u) = 0, when a: = 0. 

du _ /du\ , 

d'u . /d!'u\ 

^ = -.sma;, ..(^^^ = 0. 

d^u /d!^u\ 

^ = sin a?, .. (^^^ = -1. 

&c. &c. 

Substituting these values in the theorem, 

sin 07 = a? - j^ + 12345 " 1^.3.4.5.6.7 "^ *^- 

2. By Taylor's Theorem. 

Let «^ = sin 07, and u' = sin (x-\-h)^ then 

du d^u . cPu . 

^ = <^^« ^5 ^^ = -smo:; ^ = cos x, &c. 
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Substituting these values of ~- 9 —^^ &c. in Taylor's 
Theorem, 

sin (a?+A)=8in ar+cos ash—Bin hcyq — cos a? T"o3+^C' 

Let 0? = 0, then since cos x ^ radius = 1, the equa- 

tion becomes sin A = A 1- , which is 

1^.3 ^ 1.2.3.4.5' 

the same as before. 

Obs. The learner may calculate the natural sine of 
1, 2, 3, &c. degrees, by taking the radius =100000, 
and compare his results with those contained in a 
table of natural sines. Having calculated the sines, 
he can easily obtain the cosines, tangents, Sec. 

EXERCISES. 

1. Required the log. of .1 ? 

2. Required the log. of .02 ? 

3. Required the developement of cos x, both by 
Maclaurin's and Taylor's Theorem ? 

4. Required the developement of tan x ? 



PROMISCUOUS QUESTIONS AND EXERCISES. 133 
OBSERVATIONS ON THE PRECEDING PART. 

1. We have endeavoured to simplify this Part as 
much as possible by introducing numerical and geo- 
metrical illustrations.- The necessity of adopting this 
measure as often as possible cannot be too forcibly 
impressed on the teacher, as without this practical ap- 
plication, the learner frequently thinks he understands 
the subject, when, in fact, his ideas are exceedingly 
obscure and ill-defined. This is particularly the case 
with regard to the differentials of exponential and 
logarithmic functions. 

2. The mode which has been adopted for finding 
the differentials of circular functions requires a much 
less acquaintance with trigonometry than that usually 
employed. The pupil will therefore be able to read 
this Part without having an extensive knowledge of 
trigonometrical formulae, or the "Arithmetic of Sines.** 

PROMISCDOUS QUESTIONS AND EXERCISES. 

1. Explain the principle called the Theory of In- 
determinctte Coeffidents, or rather of coefficients to he 
determined* 

2. How would you find the square root of 2 by 
logarithms ? 

3. How would you find the square root of 2 by 
Maclaurin's Theorem ? 

4. How would you find the square root of | by 
logarithms ? 

5. If the base of the system of logarithms be 10, 
how would you find the differential of a given number, 
suppose 20? 

N 
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6. How would you find the differential of a given 
number, suppose 20, if the base of the system be 
2.71828? 

. 7. What distinction do you make between algebraic 
and transcendental functions ? 

8. Give the names of the following functions of x, 

(sin a?)*; (oar+fta:^)"; a' \ log. (a + a:). 

9. Can you express in finite numbers the integral of 
dx 

10. Describe and illustrate by examples what you 
understand by inverse functions. 

1 1. What is meant by successive differentiations ? 

12. State the principle on which Maclaurin^s Theo- 
rem is founded, and repeat the theorem. 

13. Do the same for Taylor's Theorem. 

14. Can the logarithm of a prime number be ex- 
pressed by 2i finite number ? 

15. What is the principle on which La Grange's 
theory of functions is founded ? 

16. When a theorem is said to fail when applied 
to Si particular question, does the theorem itself really 
fail, or do you fail in not perceiving that you are ap- 
plying a rule to solve a question which does not come 
under that rule ? 

17. What is the differential of log. >/ar? 

X 

18. What is the differential of log. — , and what is 

its numerical value, if x increase uniformly at the rate 
of 1, and y at the rate of 2, when x becomes 3 at the 
same moment that t/ becomes 4 ? 

19. What is the differential of log. (a+xy? 
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20. What is the value of f^ 2 (a + a?) cfor, when 

c = 10, e = 20, and a = 4 ? 

21. Illustrate the exercise by a geometrical figure. 

22. What is the value of /** 3 {c^rnx^J^nxdx when 

«=4, 5=6, c=4, and w=2 ? 

23. Illustrate this example geometrically. 

24. What is the value of / — ^, when a = 2, 
6^3, and c=4 ? 

* — T~77"^ when 

a=200000, 6=2, c=50000, andc=60000? 

26. Illustrate the preceding example geometrically. 



PART I\. 

APPLICATION OF THE PRECEDING PRINCIPLES 
TO DETERMINE THE RADIUS OF CURVATURE, 
NATURE OF EVOLUTES, &C. OF THE MORE 
USEFUL CURVES OF THE SECOND AND HIGHER 
ORDERS. 

In the practical applications of the elementary 
principles contained in the First Part, we confined 
ourselves to the properties of the circle and the 
conic sections. In this part we shall introduce the 
pupil to the knowledge of two of the curves of 
the higher orders which are of the greatest use in 
the study of certain parts of Natural Philosophy. 



SECTION I. 

RADIUS OF CURVATURE — INVOLUTES AND EVOLUTES. 

(1.) If a circle touch a curve in a given point, 
and if the radius be of such a length that a great- 
er circle cannot be described through that point 
without cutting the curve, it is called the Circle 
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of Curvature^ and its radius, the Radius of Cur- 
vature. This circle is sometimes called the Equi- 
curve Circle^ and frequently the Osculating Circle, 

Let FBE be a curve, 
and ABD a straight line 
touching it in B. Draw 
Bc at right angles to 
AD, and in bc produced 
take a point, so that a 
circle described about 
that point as a centre 
with the radius c"b may 
cut the curve in two 

points F, £. Let the radius of the circle be taken less 
and less, then it is obvious that the points f, e will ap- 
proach the point b, and ultimately coincide with it. 
In this state the circle is that of equal curvature. 

Since the circle and curve have the same degree of 
bending or curvature at the point b, the circle of cur- 
vature may be viewed as that which is equally deflected 
from the common tangent, or as the limit of a circle 
passing through three points in the curve, when the 
two extreme points continually approach the inter- 
mediate point, and ultimately coincide with it. 

(2.) In every curve, except the circle, the ra- 
dius of curvature is a variable quantity, and the 
centres of the circles of curvature, at different 
points of the curve, have different .positions. If 
the centres of curvature be therefore determined 
for an indefinitely great number of points, and a 
line drawn through these points, that line will be a 

N 3 
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curve, the nature of which will depend on that of 
the given curve. Hence if a mould be formed, 
having that curvature, the given curve may be 
described by continued motion. 

Let the curve, for exam- 
ple, be such, that its cen- 
tres of curvature lie in the 
arc of a circle of a given di- 
ameter. Take a circle of 
that diameter, suppose a 
halfpenny, and fix a thread 
having a loop at one of its 
extremities to the circum- 
ference of the circle by means of cement or sealing- 
wax. Roll the thread about the circumference, place 
it on the surface of the paper, and, holding the point 
of a pencil in the loop, unwind the thread from the cir- 
cle, keeping it always tight, and the pencil will trace 
out the curve required. The curve Acdcf', from which 
the curve K<w!d' is evolved, is called the EvohUe^ and 
the curve thus traced, its Involute. 

Several obvious consequences will present them- 
selves to the pupil. 

1. The points c, dy d\ &c. are the centres of curva- 
ture of the points a, a', d\ &c. and cay c'a'y &c. the 
radii of curvature of the arcs at those points. 

2. The lines ca, ddy &c. are tangents to the evo- 
lute. 

3. The radius of curvature is at right angles to the 
tangent of the involute at the given point. 

4. The radius of curvature is equal to the arc of the 
evolute, reckoned from the point a, where the curve 
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commences. Thus, the arc Aci=ca, the radius of cur- 
vature at the point a. 

(3.) To determine the radius of curvature at a 
given point in a given curve. 

Let AB be the arc of 
a given curve, of which 
NO is the evolute, and 
let BF be a tangent at b, 
and BC a line at right 
angles to bf ; then bc is 
the radius of curvature. 
Draw the axis ad and 
the other lines as in the 
figure. From c, with 

the radius cb, describe an arc of a circle, and draw 
CK parallel to ad. 

Let KH = a, GD = by ad = ar, db = y, and bc = r. 
Then kg = a + a?, and bg = 6 + y. Also, BiE.^zdx, 
£F = dyy and BF = dz^ the arc ab being denoted by 
z. Then, by the equation of the circle, 

(h + i/y=(2r^a—x) (a+ar), that is * 

ft' + 2^ -f y* = 2m + 2ra; — 2ar — ar* — a% 
Differentiating this equation and dividing by 2, 

hdy ■\-ydyz=.rd36'—adx — ocdx. Differ, this equation 
hd^y-\-yd^y-\-d}^^=rd^X'—ad!^X'-'Xd^x—dd^y or 

cfy*+dir'=(r— a-a?)<fa?-(ft+2^y V • • (1) 
But since the given curve and the circle of curva- 
ture coincide at the point b and have the same tan- 
gent, the differentials of the abscissae, of the ordinates 
and of the arcs of these curves are equal. 
Now, since the triangles bef, bgc, are similar 
dz ; dy : ; r : gc, Hence 
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GC, or r— a-a?= — ^—, Again, 

dz 

i*dx 
dz \ dx \\ r : BG ; hence bg, or b +y = -:;-. 

dz 

Substituting these values, and dz^ for its equal, 

dt/^-^-dx^, in equation (1) 

we have z'*' = — ^- ^. Hence, by reduction 

dz dz 

r = ^ (2) 

dyd^x^dxd^y 

Cor. If we consider in succession each of the 
three variable quantities x^y^ z, as the independent 
variable, the above general formula will be adapted 
to each of these cases. Since the differential of 
the independent variable is a constant quantity, 
which we may assume equal to 1, its second dif- 
ferential will be equal to 0. 

1. When X is the independent variable, 
d^ dz' 






— = , when dx= 1 . . . . ( 1 ) 

-dxd't/ ^d'y ^ ^ 

2. When y is the independent variable, 

'■ = ^ = '^'"*'^°''^='' ^^^ 

3. When z is the independent variable, 

r =^ = A whenrf^=l, (3) 

d'x d'x ^ ^ 

EXAMPLE 1. 

Required the radius of curvature for a point in 
the parabola, whose abscissa is x^ and ordinate y, 
the parameter being f. 



i 

j) 
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Let X be the independent variable, and cKz; = 1. 
Since ^ =/w?, y = »s/px =joia?*, 

cfy = J^ar-*cfo? = ^-, differ, this equation 
cPy = — ipV* = — -^. But 



Hence — «— = ' ^ = radius of curvature re- 

— cry 2a//> 

quired. 

When 0? = 0, tlie expression for the radius of cur- 
vature becomes ^, which is the length of the radius 
of curvature at the vertex. 

EXERCISE. 

Required the length of the radius of curvature for 
a point in a parabola, whose abscissa is 9, and ordi- 
nate 6, the ordinate being considered as the indepen- 
dent variable ? 

EXAMPLE 2. 

Required the radius of curvature at a point, in 
an ellipse, whose abscissa is x^ and ordinate y, 
the major axis being a, and the minor b ? 

Let X be the independent variable, and dx^=l. 

b^ 
Since y* = _- (ax—ix?)y we have 



a' 



2ydy^:= _. (a — 2x) dx. Differentiating this equation, 
and making d!r=l, we have 
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Hence dy= ^a-'^) and - ^ = "''^<+ ^' 

2a y ay 

Substituting the values of y and cfy in these equa- 
tions, they become 

dy= _*(?^^ and_dV= 
2a ^/aar — ar* 

(a-2a?)V6» , ft ah 



By reduction. — Therefore 

= i / f g'^>'+(a'-ft') (4aa?--4a?') ) 
2a V t aa?-ar' ) 

Hence r = -^ = («'y)-f (^'-^0(4^-4a:0* 
-^i^ 2a^6 

the radius required. 

EXERCISES, 

1. Required the radius of curvature at the extremity 
of the major axis of an ellipse, whose major axis is 
10, and minor 6? 

2. Required the radius of curvature at the extre- 
mity of the minor axis of the same ellipse ? 

(4.) Given the equation of the involute to de- 
termine the nature of the evolute. 

By means of the preceding problem we deter- 
mine the lengths of nl and lc (fig. p. 139) which 
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are the co-ordinates of the point c in the e volute, 
referred to nl as the axis, and hence the nature of 
the curve will be determined. 

1. Let X be the independent variable, and dx=l. 
Then, since the triangles bef, bgc, are similar, 

dz —d^y dz — d!^y 

Hence al = a? + (1) 

And NL= AL — AN=the abscissa of the evolute. Again, 

vdx ds? 

DO or CL = BCt— BD= -—. — y:=z — V . . . (2) 

dz —dry 

2. Let y be the independent variable, and «fy=l. 

ThenAL = a.+ ^ (3) 

. T docds^ 
And LC = -^5-. -y (4) 

3. Let z be the independent variable, and «fe=l. 
ThenAL = a;+-^ (5) 

^AndLC=^-y. .(6) 

EXAMPLE. 

Required the nature of the curve whose involute 
is the common parabola ? 

Let X be the independent variable and dir = 1, 

Then y = px and y = joM. Differentiating, 
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I BtfA Mn 

dy = 4p a? dx = . . Differentiating this 
equation, and omitting the multiplier dxy 

Also rfz* = cto' + cfy* = 1+A^i?±£.. 

4;p 4a7 

But DL = ^^ = 2a? + J/?, by substitution. 

Hence al = 3a; + Jjo. But the radius of curvature 
at the vertex was already found to be J/>. Hence 
NL = dar = the abscissa of the evolute. 

dz^ 4xi 

Again cl = Z^*" ~y = — 7~» ^7 substitution. 

Let NL be denoted by x and cl by y, 



X TT s X* 



then X =s 3aj and a? = — . Hence x^ =^ — ; 

3 27 

andY = l^, anda;* = I>^ Hence a:' = J^. 
>//> 4 16 

Therefore 07 = Tg > ^"d x" = -jg- y*. 

Hence the evolute is a semicubical parabola, whose 
parameter is ^ of the parameter of the involute. 

Note. We shall give some of the more useful 
applications of the preceding problem in the following 
sections, particularly with regard to the curve called 
a cycloid. 
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SECTION 11. 



ON THE LOGARITHMIC CURVE, 

(1.) In the Straight 
line AD take any num- 
ber of equidistant 
points, and draw per- 
pendiculars at those 
points, and take these 
perpendiculars in geo- 
metrical progression, 
then the curve which 

passes through their extremities will be the Loga- 
rithmic Curve. 

Let AB = €iy the base, and oi = 1, then 




since 1 
and a 



a 



a 



a" : : a' 



FG, FG =s a®. 



Hence oa is the logarittim of ab ; oc of ce ; of of 
FG; &c. 

If the ratio of oi to ab be that of 1 to 10, the curve 
is that belonging to the common system. If the ratio 
be that of 1 to 2.30258509, the curve belongs to the 
Naperian system. 

As logarithms may be continued ad infinitum below 
the base, it is obvious that the curve continually ap- 
proaches the indefinite straight line do, but never 
ipeets it. 

The line on is called the axis; any line, on, reck- 
oned on the axis from o, an abscissa; and dh the 
ordinate. Hence the equation of the curve is yso*. 

o 
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(2.) To draw a tangent to the curve at the 
point B. 

Let A denote the Naperian logarithm of a, and 
y the Naperian logarithm oft/ ; then 

Since y = a*, log. of y = log. of a*; 
that is, y = a;A. Differentiating this equation, 

d^ =: Adx; but d^ = -j^. Therefore 

rfy t/dx 1 

Adx = — , and —j — = — . 
y di/ A 

vdx 
But -^ is the expression for the subtangent, and 

— is the modulus of the system. 

Hence, if the curve be- 
long to the common sys- 
tem, let fall the perpen- 
dicular BC, take CD = 
.43429448, and join db, 
which will be the tangent 
required. 

If the curve belong to the Naperian system, take 
CD = 1, and db will be the tangent to the point b. 

Cor. The subtangent is the same for every point 
in the curve. 

(3.) Let any two 
logarithmic curves pass 
through the point i, and 
let B, D be two points 
having equal ordinates, 
BC, de, and let bf, dg be 
tangents at those points, 
Then of : oe : : re : ge. 





or a 



^-^ 
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For OF, 08*816 the logarithms of the equal ii umbers 
represented by cb, ed, and. fc is the modulus of one 
of the systems, and ge of the other ; and since the 
logarithms of equal numbers are proportional to the 
moduli of the systems, the truth of the proposition is 
obvious. 

(4.) Since oc is the logarithm of ce (fig. 
p. 145) and on of dh, od— oc=CD=log. of dh— log. 

of CE = log. 



DH 
CE* 



CoR. If a, by o, cf, be any four ordinates, then the 
following proportion evidently follows from the pre- 
ceding property : 

h d 

a-^b : c^d :: W. — : log. — , whatever be the 

^ a ^ c 

system to which the curve belongs. 

(5.) Required the radius of curvature at a 
point B (fig. 1st, p. 146) whose abscissa is x^ and 
ordinate y. 

Let A denote the Naperian log. of a> and m the 
modulus of the system, then 

— = »i, and A = — , 
A ' m 

ydx 
Since y ^=i (fy dy => A(fdx = * 

Let X be the independent variable, and cte = 1, 
then dy ^=i •^' Differentiating this equation, 

cPy = % and 



m 



.^.= v^T^=>/i+|=^^^*- 
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Hence r = — -j^ ^ = — : — , the radius of curva- 

ture required. 

Since the divisor my has the sign minus before it, 
the value of t is negaiivey and must therefore be 
reckoned in the opposite direction. Hence, draw bc' 
at right angles to bd, produce it to &, and make b& 
equal to the value of r for a particular ordinate, and 
(/ will be the centre of curvature f^r the arc at the 
point B. 

(6.) To find the area of the space contained 
between an ordinate ep, the axis continued indefi- 
nitely towards the left, and the arc of the curve 
FB6 continued indefinitely (fig. 1st, p. 146). 

Let CB = a, EF == ^, and oe = Xy 

then the subtangent dc = -^ — = w, the modulus. 

Hence ydx = mdy ; but ydx is the differential of the 

area cefb, the integral of which will be the area. 

ThereforeyJwdfy == my + c = area of cefb. 

Now, to find the value of the constant c, let y .move 
up to BC, and ultimately coincide with it, then 
y = a, and the area of cefb becomes o ; hence 
my + c =s o, or ma +0 = 0, and c = — ma. 

Hence the area of cefb = my ^ma s=: cd(ef— cb). 

Let CB move on to an infinite distance towards the 
left ; it will continually diminish, and may be made 
less than 2J\y finite magnitude. Hence the limit of 
the area when cb = is cd x ef. 
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Cor. Hence the areas of the spaces -contained 
between given ordinates and the infinite branches 
of the curve and axis are to each other as these 
ordinates. 

(7.) By means of this curve we may find any 
number of geometrical proportionals between two 
given lines. 

Let it be required to 
find two mean propor- 
tionals between two giv- 
en lines AB, AC. Draw 
AC at right angles to the 
axis, and draw bd, ce 
parallel to the axis cut- 
ting the curve in the 
points D, £, and let fall 

the perpendiculars do, ef on the axis. Divide 
OF into three equal parts, and draw hk, lm from the 
points of division at right angles to af, and these lines 
will be the two mean proportionals required. For 

GD = AB and FE = AG. 

And GD : HK : : hk : lm : : lm ; fe by the nature 
of the curve. 




Cor. Since gd : fe : : gd' : hk% we may make 
FE the double of gd, and the proportion becomes, 

1:2:; gd' : hk\ Hence, if gd be the side of a 
cube, HK will be the side of another cube, whose 
solidity is double that of the first. This is one of 
the solutions of the famous problem of doubling the 
cube. 

o3 
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Obs. It ifi said, that whilst the plague was raging 
in Attica, the Delian oracle was consulted in order, to 
discover the means necessary to appease the wrath of 
the offended Deity. The answer returned was, that 
they must Double the aUoTy which was in the form of 
a cube. An altar was made, having twice the linear 
dimensions, yet the plague continued to rage. Plato 
and other geometers of eminence were applied to, but 
the geometry of the period was not sufficiently ppwer- 
ful for the solution of the problem. This circum- 
stance is said to have led to the invention of some of 
the curves of the higher orders.* 

EXERCISES. 

1. Required tKe length of the radius of curvature 
at a point in the logarithmic curve belonging to the 
common system, whose abscissa oc is 4 ? 

2. Required the area of the space infinitely long, 
contained between the ordinate corresponding to an 
abscissa oc of 4 inches, and the branch of the curve 
and continuation of the axis ? 

3. What is the area of the space cefb, oc being 
equal to 3 and oe to 4, the curve belonging to the 
Naperian system ? 

* Montucla, Histoire des Math^raatiques, torn. i. p. 174. 




• ,1 
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SECTION III. 



on THE CYCLOID. 




--XK 



(1.) If a circle, whose diameter is cd, roll along 
the straight line ab from the point a, then the 
point in its circumference which coincided with 
A at the beginning of the motion, will trace out 
the curve aedb, called a Cycloid. The circle 
which is supposed to roll along ab, is called the 
generating circle^ and ab is obviously equal to the 
circumference of this circle. The straight line ab 
is called the base of the cycloid, and cd its axis. 
The point c is the vertex^ ef the ordinate of the 
point E, and de its abscissa. 

The learner may construct this curve by fixing 
a small piece of black lead, by cement or sealing- 
wax, on the rim of a farthing or halfpenny, and 
rolling the coin along the edge of a straight rule laid 
flat on the surface of the paper, when the point will 
trace out the cycloid. The generating circle used 
for constructing the annexed figure was a sixpence. 

(2.) Let EF be an ordinate at the point e, cut- 
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ting the generating circle in h, then he will be 
equal to the arc dh of the circle. 

The arc £G=the line ag, and the semicircumference 
GEL = AC. Therefore the arc el = the arc hd = cg 

=:H£. 

Cor. Since fh =: sin dh, the ordinate ef = arc 
DH + sin DH. 

(3.) The tangent at e is parallel to the chord 
DH of the circle. 

For the line eg may be viewed as turning round 6 
in describing an indefinitely small portion of the curve, 
hence, from the property of the circle, the tangent at 
£ is perpendicular to eg. But eg is parallel to ch and 
HD at right angles to ch, therefore the tangent ek is 
parallel to hd. 

(4.) To draw a tangent to the curve at the 
point e. 

Let the tangent el be supposed produced to meet 
the axis cd produced, in the point k. 

Let DF=a?, EF=y, arc dh=2;, Dc=2a, and fhhis. 

Then ^=zz+Sy and di/=dz-\-ds. 

But since s is the sine, and x the versed sine of Zy 

d/ctx 
dz = f by equation (1) page 109. 

s 

And d*=— cos zdz by equation (2) page 114. Sub- 

stituting the value of dz from the preceding equation, 
and putting a — x for cos z, we have 

{ (jt^—Qr\ dx 

ds = ^ — . Hence the subtangent 

ydx ydx sy . ... 

FK = --J— = f = —-^ — by substitution. 
dy dz-\-ds 2a — a? "^ 



ON THE CYCLOID. 153 

But since the triangles dfh, cfh, are similar^ 

DF FH ' TT DF 

— = — = . Hence fk = — x fe. 

FH FC 2a — X FH 

(5.) To find the length of the arc de of the 
cycloid. 

Let z =:arc de, Dc=a9 i>F=a;, VE^^t/, and dhssc. 
Then ^'ssoa?— a?' by the equation of the circle. 

TT A » » r> •■ 1 •> adx — juxdx 
Hence 2«m = adx — 2xdxy and ds = 

And dz = —Q — , as in the preceding example. 

But^^^z+Sy by the property of the cycloid. 
Therefore dt/^=dz'\-ds = ^5^11^^—. by substitution. 

8 



Consequently £2s = s/dx*-\-di/' = 



_ ^r,/«^-«^ _ /a _ * -4. 

llencey*dz=Jcrx~^dx, by integration. 

That isz = ^^"^ = 2 ^o^ = 2dh. 
idx 

The arc de is thus double the chord dh of the 
circle. 

Cor. 1. Hence the length of half the cydoidal 
curve is double the diameter of the generating 
circle, and the entire curve four times the length 
of the diameter. 
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Cor. 2. Since the arc de = 2dh, de' = 4dh' = 

4df X DC ; therefore df : de : : de ; 4dc. 

Cor. 3. Since the arc ad=2dc and the arc ed=2dh 

ad^=4dc' and ed'=4dh^ 

Therefore AD':ED'::4DC^•4DH^• :dc\*dh': :dc:df. 

That is, the abscissa df varies directly as the square 
of the corresponding arc de. 

(6.) To find the radius of curvature at a given 
point in the cycloid, and the nature of its evolute. 




Let ADB be an inverted cycloid, and aoo' the evo- 
lute of the arc ad. Let ad = 2dc = a, ae =s z, 
AM = Xy EM =y. Then de = a — z^ and df = |a — y. 
Then, by the property of the curve contained in the 
preceding Cor. 

a' : (a— 2f)* : : Jo : Jo— y; therefore 



2az — s^ 



y — 



-, and dy =: 



adz — zdz a — z 



2a ' '^ a a 

when z is the independent variable and dz = I. 
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5 



Again, dx^ = «fe'— dj^ = 1— f J = ; 

therefore dx = """^^ and c?^a? = 



dy 



Hence, the radius of cur, r = -^ = s/^az—s^y by 
substitution. 

Cor. 1. When 5: = o, r = o, which shows that the 
evolute commences at the point a. When z •=• a^ 
r = af =s 2dc ; consequently dc = co'. 

Cor. 2. The general expression for ak (page 143) 

is -35 y- Hence 

a X 

AK — — -^ 9 by substitution and reduction. 

Now when a? = rt, r zz o'd iz arc o'oA z= o, and ap = Ja, 

the radius of curvature being ,^2(zz—z% its square is 

a 2az — z^ 
2az—z^. But a' ; 2az^z^ • • "o" • — 9 > dividing 

the first and second terms by 2a. Hence 
Ao" ; AG* : : AP : AK, which is the property belonging 
to a cycloid whose curve is ao', half its base o'f, and 
diameter of its generating circle af. 

Hence the evolute of the semi-cycloid ad is an 
equal semi- cycloid ao^ 

(7.) As the preceding problem is of the greatest 
importance in demonstrating the properties of the 
pendulum, we shall give the pupil another in- 
vestigation of' it, the radius of curvature being 
expressed in terms of the radius of the generating 
circle and abscissa of the-cycloid. 
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Let DC = 2ay or a = the radius of the generatmg circle^ 

DF =: AT, FE =r y, and the arc dh of the circle =: t^ 

then If zz u + fh, by the property of the cycloid. 

But FH zz is/2cuc—a^y by the property of the circle. 

Hence y=: u+ V^oa;— a?*, and dy zz </w+cf.(2aa?— ar*)*. 

cuix 
But du zz — , by eq. (1) p. 109, Therefore 

adx (a^x)dx , /2a— a: 
dy zz — — „ 4. \ — zzdxA/ 



=/ 



2a— ar 

, when dx zz \, 



Again, 

d^yzz , by differentiating ^ / "^^ 

Xs/^ax-^x^ y X 

or i — Zl^iL^ by the rule for fractions. 



^ 



Hence, since the rad. of curv. r zz — jT" = Zn — > 

by substituting l+dy^ for its equal si^^ it follows that 



r zz 2i^4a^ — 2aa;, by substitution. 

Cor. 1. Since the tangent at e is at right angles to 
OE and parallel to dh, ge is parallel and equal to hc. 
But HC = iv^4a^— 2aa;, therefore oe = 2ge, and 

GE = OG* 

Cor. 2. When a:=o, rrzarc Aoo'=o'D=4a=2€?D, 
which is the radius of curvature at the point d. 
When a; =: 2a, r z= o, which shows that the evolute 
commences at a and terminates in o'. 

CoR. 3. Since ag =: arc ch = arc al, the arc 
AL = 0L« Also, the remaining arc lp =: the arc 
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DH = HE = CG ; therefore the semicircle alp = po'* 
Hence the evolute aoo' is a cycloid equal to the in- 
volute. 

(8.) To find the area of the cycloid. 

Let the origin of the space dra (fig. p. 154) 
contained between the lines dr, ra, and the convex 
side of the curve be at tlie point d, and let an ordi* 
nate move from d along dt till it reach te. Let 
DC = 2ay DT =: a;, te = ^y arc dh =z u^ and fh = s. 
Then s^i=. %iy — y^ by the property of the circle. 

ady — ydy. 
And 2sds = 2ady^2ydy, therefore efe = — 



s 



But du =z — ^, by equation (1.) page 109. 
Also a? = w + 5 by the equation of the cycloid. 

Therefore dx:=idu -f- dszz — =M=~=y by substitution. 

sj^y- f 

Consequently ydir = ——===. x dy zz dys/^ay—y^ 

w2ay—y^ 



But ydx is the differential of the area dte, and also 
of the area of the portion fdh of the circle. Hence 

f{2ay^i^)^dy = areaofDTE= area of fdh. 

Cor. When y -=. c^ area of dra =: area of semi- 
circle DHC. Hence area of dra + area of dsb = 
area of the generating circle. But the area of the 
circle =: circumference x ^o = Ab x ^ar. 

Now, if from the area of the rectangle ab x ar, we 
take away the area of the spaces dsa, dsb, we leave 

p 



I 
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the area of the cycloid. Hence ab x ar — ab x :J^ar 
=: |ab X AR. That is, the area of the cycloid is | of 
its circumscribing rectangle, and three times the area 
of the generating circle. 

EXERCISES. 

L The wheel of a stage-coach is 5 feet high: 
required the length of the cycloidal arc ae (fig. first, 
p. 151) described by a nail in the rim, when the wheel 
has rolled over ^ of its circumference ? 

2. If the tangent at e be continued to meet the 
axis produced ; required the length of the subtangent, 
the numbers being as in the preceding example ? 



observations on the preceding part. 

The number of curves of the higher orders, whose 
properties have been investigated by different au- 
thors, is exceedingly numerous. We have the Cis- 
sold of Diodes, the Conchoid of Nicomedes, the 
QhadrcUrix of Dinostrates, the Logarithmic curve 
and Logarithmic spiral^ the Cychidy Epicycloid and 
Companion to the cycloid, the Paraboloid^ the Cate" 
nary Curve^ the Tratrix^ the Magnetic Curve, the 
Curve of Sines, the Curve of Tangents, the Curve of 
Secants, the Equable Spiral^ the Hyperbolic Spiral, 
the Logarithmic Spiral, the Lemniscata, &c. &c. 
Though the properties of these curves be curious and 
interesting to the mathematician, their practical ap- 
plications are extremely limited. The epicycloid has 
been proposed as tlie best form for the teeth of wheels 
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and pinions, and the catenary as an arch of equilibra- 
tion. The student who can spare time, and wishes to 
become acquainted with the properties of these curves, 
will find a full account of them, investigated without 
the language of the Differential CalcuhiSy in Sir John 
Leslie's Geometry of Curves of the Second and Higher 
Orders. The two curves whose principal properties 
have been investigated in the preceding sections are 
the most important. The logarithmic curve is useful 
in exhibiting the law of the diminution of density of 
the atmosphere, and the cycloid in investigating the 
beautiful laws of the pendulum, and the descent of 
heavy bodies towards the centre of the earth. 



QUESTIONS ON THE PRECEDING PART. 

1. Since no part of an ellipse, parabola, &c. is a 
circle, how can they be said to have the same curva- 
ture as a circle of a certain radius ? 

2. What is meant by the term circle of curvature ? 

3. In determining the radius of curvature, must 
you dififerentiate oflener than once ? 

4. Describe the properties of the logarithmic curve? 

5. How does it happen that the space contained 
between the ordinates, axis and curve, x^JiniJtey when 
its length is infinite ? 

6. What is that curve whose subtangent is constant'^ 

7. Describe the properties of the cycloid, and illus- 
trate them by the familiar example of a cart wheel ? 

8. If a circle revolve on the circumference of .an- 
other circle, a point in its circumference will describe 
an epicycloid. 
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9. Describe an epicycloid by means of a penny 
piece and a halfpenny. 

10. Illustrate by a similar example the nature of an 
involute and its evolute. 



PROMISCUOUS EXERCISES, WITH OCCASIONAL HINTS 

FOR THEIR SOLUTIONS. 

1. If 0? increase uniformly at the rate of 2y and^ at 



X 



the rate of 3, at what rate is the function 

increasing or diminishing when a? becomes 10 at the 
moment ^ becomes 4 ? 

2. If X increase uniformly at the rate of 1, and ^ 
diminish uniformly at the rate of 3, at what rate is 

the fraction increasing or diminishing when, x 

a?— y 

becomes 10 at the same moment that y becomes 9 ? 

3. What is the differential coefficient of 



fs/ax-^-bx^+ca^? 

4. If a; increase uniformly at the rate of 1, what is 
the form and value of the expression which is increas- 

2+a? 

ing at the rate of - — = when a? = 10 ? 

^ 2v'2a?-fa?' 

5. It is required to inscribe a rectangle in a given 
circle whose diameter is 12 inches, so that the area of 
the rectangle multiplied by its longest side shall be a 
maximum ? 

6. What are the sides of the greatest rectangle 
which can be inscribed in a circle whose diameter is 
10 feet ? 
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7. Required the value of a fraction whose cube shall 
exceed its square by the greatest possible quantity ? 

8. There is a parabola whose abscissa is 9, and 
double ordinate 12 ; required the sides of the greatest 
possible rectangle which can be inscribed in it ? 

9. If a? increase uniformly at the rate of 1, it is re- 
quired to determine at what rate the value of the ex- 
pression a^x^—^a^x^+ax+c is increasing when a? be- 
comes 10, the constant quantity a being 2 ? This is 
to be determined by the general principle of subs ti lut- 
ing a? -h A for ar in the above expression, finding the in- 
crement of the function, and then determining the value 

of the differential coefficient -i^ the letter u being 

dx 

taken to represent the function. The pupil will now 
understand that the same- process is to be employed 
when we speak of determining the differential coeffi- 
cient yrow^r*^ principles* 

10. Determine from first principles and also by a 

particular rule the differential coefficient — in the 

dx 



equation u = s/ctx^—bx. 

11. Determine by means of a certain rule the diffe- 
rential coefficient — in the equation u = 



dx * s/cL^-^^ 

12. What is the differential of the function clx^s^ ? 

13. If a? increase uniformly at the rate of 1, at what 

rate is the function s/c^ — a?* when x becomes 4, the 
constant quantity a being 5 ? 

14. If a; diminish uniformly at the rate of 1, at what 

rate is the function ^Jax-^s^ increasing or diminish- 

p3 
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ing when x becomes 10, the constant quantity a 
being 20? 

15. Determine from first principles the differential 
coefficient ^ in the equation u = (a+a'as^-\-a)% 

16. What is the value of « in the differential equa- 

tion du s= ? As this differential does not seem 

to belong to any of the forms previously investigated, 
let us try what form it will assume by putting b* for 

a" and y* for i:*. The numerator of the differential 

2 
then becomes — dy, and the differential itself 

n 

« 6' + y ft + y^ 

Hence /"^ <^ - ^ /• ^ - 2 ^ 

in which b is the diameter of the circle, and z the 
length of the arc, y being the tangent of the arc 

17. Required the numerical value of the integral 

of !L when x becomes 20000, n being 4, 

and a 10000? 

18. Prove by the substitution in example 16 that 

19. Prove, by means ai the same substitution, that 
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20. Demonstrate by the same substitution, that 
f — — is equal to the arc of a circle, whose sine 

is y, and radius by when multiplied by — . 

nb 



SYNOPSIS OF THE PRINCIPAL SIGNS EMPLOYED IN 
THIS BRANCH OF SCIENCE. 

1. The sign x is used to denote that the quanti- 
ties between which it is placed vary as each other. 
Thus, if 8 denote the space passed over by a body 
moving with the velocity v during the time /, then 
s cc tv, denotes that the spaces passed over by bo- 
dies moving with different velocities and in different 
times are as the product of the times and velocities. 

2. The sign oo denotes infinity. Thus — = oo 

denotes that the« nearer the divisor approaches to 0, 
the nearer the quotient approaches to infinity. 

3. The letter d placed before a single letter, or a 
point above it, denotes the rate at which the variable 
represented by it, varies; that is, its differential or 
fluxion. Thus dx or x denotes the rate at which the 
variable quantity represented by x is increasing. 
When placed before a compound expression it de- 
notes the rate at which the value of the compound 
expression is increasing when the independent vari- 
able or variables are passing certain limits. Thus 
c?.(aa7*+a?^) denotes the rate of increase of ax^-\-x^ or 
its differential. 



I 
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4. The letters f,/ ^, 4/> are employed instead of 
the term function. Thus Fa? may denote any expres- 
sion, as (a-\-xf^ s/x, sin a?, &c. into which x enters as 
the independent variable. f(x,i/,) may denote aay, 

— ay +&r', &c. or any expression into which a? and y 

enter as independent variables. 

5. The letter / denotes the integral or expression 
from which a given differential has been derived. 

Thus J^fut'^^^dx = a:*+ c. 

6. The Greek letter a denotes the difference be- 
tween two successive states of an independent va- 
riable or function. Thus, if a? receive the increment 
A, and become a:-|-A, then ao? = A. Also A^a^) = 

Sx^Ax + SxAX^+A!t^> 

7. The sign 2 denotes the function or integral from 
which a given difference has been derived. Thus, 

2 (3a?'Aa?H-3a?Aa;'-H Aa?'*) = a?^. 

The sign d bears the same relation to a thaty 
does to 1, 

8. The sign /^ denotes that the value of the in- 
tegral is to be found for two particular values, a, b, of 
the independent variable, and the difference of these 

integrals to be taken. Thus,^^ 23cdx = a^—h^ = 5, 
when a = 3 and 6 = 2. 

The sign /I denotes the value of the integral be- 
tween the limits a? = and x = infinity. 

9. The sign F , ^ , denotes an inverse function. 
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Thus, i£ vx denote sin a;, then f" a? or siiT^a; denotes 

the arc of which x is the sine. 

10. The sign d^^f which has lately been used to 
a considerable extent by the Cambridge mathemati- 
cians, denotes '^ the differential coefficient of y taken 

with respect to Xy' and signifies the same thing as -^ 
Also d^y is used instead of the more elegant form 

da^' 

11. The sign / is frequ^tly employed by Cam- 

bridge writers, and denotes the integral, x being the 
independent variable. Thus, 

^ naP'^ denotes / mx^^dx^. 

I entirely agree with Mr. Woolhouse in thinking 
that these signs have no recommendation whatever 
over those already established and incorporated in all 
the most valuable works of science. 1 am strongly of 
opinion that every change of notation which does not 
possess decided advantages over that universally used, 
has a direct tendency to bewilder the pupil and retard 
the progress of real science. 
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APPENDIX. 

CONTAINING A CONCISE VIEW OF THE RISE AND 
PROGRESS OF THIS PART OF MATHEMATICAL 
SCIENCE. 

(1.) The earliest geometry of which we have any 
account consisted in the comparison of figures bounded 
by straight lines. Mathematicians, either prompted 
by curiosity or impelled by necessity, were, however, 
soon found engaged in the solution of a more difficult 
class of problems, viz. in the comparison of figures 
bounded by curved lines with those bounded by straight 
lines. The earliest problem of this kind which en- 
gaged the attention of geometers was the determina- 
tion of the ratio of the areas of circles of different 
diameters. By inscribing polygons having the same 
number of sides in two given circles, they showed that 
these polygons were to each other as the squares of 
the diameters of the circles. The same ratio was also 
shown to exist between similar circumscribing poly- 
gons. By continually doubling the number of the 
sides of the inscribed and circumscribing polygons, 
they were shown to approach nearer and nearer to 
equality, and consequently to the intermediate circle. 
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Hence it is obvious, that the circles which are the 
limits of these polygons, must be to each other in the 
same ratio. This process is called the Method of 
ExJumstions* 

(2.) The curvilinear surfaces, which came next to 
be compared with those bounded by straight lines, 
were the Conic Sections, Now, as regular polygons 
could not be inscribed in these figures, geometers 
were under the necessity of inventing another mode 
of comparison, which may be viewed as the next de- 
cisive step in a direct line to the discovery of the 
Fluxionary or Difierential Calculus. This method con- 
sisted in inscribing and circumscribing an indefinite 
number of rectangles, the breadths of which being 
diminished ad infinitum, their sum approached to 
equality and to the intermediate curvilinear figure. 

(3.) Archimedes, the greatest geometer of anti- 
quity, invented another method of comparing the sur- 
faces of figures bounded by curves with those bounded 
by straight lines, which may be viewed as the origin 
of the method of Indivisiblesy which we shall after- 
wards consider. By comparing the sum of a series of 
numbers diminishing by equal difierences with the 
greatest term, and also the sum of the squares of 
these numbers with the square of the first, Archi- 
medes succeeded in determining the areas of certain 
curvilinear spaces and tlie solidities of solids of revo- 
lution. 

(4.) The demonstrations of the ancients, though 
free from every objection with regard to accuracy, 
were so extremely tedious, that other methods were 
eagerly sought for by which the process might be 
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greatly abridged. Cavallerius, an Italian mathema- 
tician, proposed the method of IndivisUdesy which is 
sometimes called the method of Cavalierius. The 
same principle was further extended by Dr. Wallis, 
mider the title of the << Arithmetic of Infinites."* 

As this method was extensively employed in de- 
termining the areas of surfaces and the capacities 
of solids, and is still frequently employed for the 
same purpose, it will be useful to give the learner a 
short account of the principles on which it is founded. 
According to this method, lines are made up of 
indefinitely small points, surfaces of an indefinite 
number of parallel lines, the breadths of which are 
considered as indefinitely small, and solids of an in- 
definite number of parallel planes, or rather indefi- 
nitely thin plates or lamin». If the pupil take a piece 
of cloth formed of very fine threads, and cut it into any 
figure, a triangle for example, keeping the threads 
parallel to the base ; and if he conceive these threads 
4iminid|4d in thickness, and increased in number, he 
will obtain a clear view of the mode by which surfaces 
are supposed to be made up. A book supposed to have 
the leaves indefinitely thin^ affords a simple illustration 
of the manner in which solids are conceived to be 
formed. 

Before applying this metliod, the pupil must under- 
.stand the rules for finding the sums of the following 
series. 

• " L'Ariihm^tique des Infinis est de Tinvention de Wallis, 
c^Iebre Anglois, qui, malgr^ son antipathic pour la nation 
Franpoise, m^rite bien qu'on lui rende I'^loge qui lui est d(k.^' 
— Deidier. La Mesure des Surfaces. Preface, xi. 

Q 
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1. The sum of the 8erie8 0-|-a-f-2a + 3a-|-4a-f &c. to 
na is equal to half the sum of the first and last multiplied 

by^Mlf the number of terms, that is, — x (» + l.) 

If the number of terms be indefinitely great, then the 

* n 

limit of the sum i^na x — • or the last term multiplied 



by th^number of terms. 

2. Thesumoftheseries0+a' + (2a)'-|-(3a)*+ &c. 
to {naf is equal to J» x (ndy when n is infinite.* 

EXAMPLES. 

1. To find the area of a triangle. 

Let the triangle be supposed to be made up of lines 
parallel to the base. Since the lines commence at the 
base, and terminate in the vertex, the greatest term 
is equal to the base, the last to 0, and the number of 
terms equal to the perpendicular. Hence the area is 
equal to the base multiplied by half the perpen- 
dicular.t 

2. To find the solidity of a square pyramid. 

The pyramid being supposed made up of an indefi- 
nite number of thin plates parallel to the base, these 
plates increase in magnitude according to the series 
0, a^ (2a/, (3a'), &c. to the square of the side of 
the base. Hence their sum is \n x area of the base. 
But n = the perpendicular height, hence the solidity 
of the pyramid is found by multiplying the area of the 
base by one-third of the height 

* Emerson's Arithmetic of Infinites, 
t Principles of Geometry, page 128. 
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These examples will be sufficient f(nr giving the 
learner an idea of the application of the Arithmetic of 
infinites, or the method of indivisibles, to determining 
the areas of surfaces, and the capacities of solids. 
Those who wish to obtain a complete view of this 
curious subject, may consult Emerson's Arithmetic of 
Infinites, or the more extensive work of Deidier, en- 
titled " La Mesure des Surfaces et des Solides." 

(5.) The first person who considered certain quan- 
tities as formed or generated by continued motion, 
seems to have been Baron Napier, the celebrated in- 
ventor of logarithms. According to the views of 
Napier, two points were supposed to move along 
two straight lines, the one with a uniform motion, 
and the other witli a variable motion continually 
accelerated ; the lines generated representing the 
logarithms and their corresponding numbers. The 
ideas of Napier concerning the mode of generating 
numbers and their logarithms, are so like those of 
Newton in his manner of viewing the fluxions of quan- 
tities, that it is exceedingly probable the views of 
Napier may have turned the thoughts of Newton into 
the tract which terminated in the most splendid dis- 
covery of modern times.* 

(6.) Dr. Barrow took a more extensive view of the 
formation of all kinds of magnitude by motion than 
Napier had done, and seems to have arrived almost at 
the point from which he might have obtained a view 
of the fertile regions which the penetrating eye of 
Newton was first destined to behold. 

* MoDtucla. Histoire des Math^matiques, torn. ii. pages 
16—97. 
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(7.) According to Newton, all quantities are ge- 
nerated by motion. A line by the motion of a point, 
a surface by the motion of a line either constant 
or variable, and a solid by the plane either retain- 
ing the same magnitude or varjring according to a 
certain law. All other quantities, in whatever way 
they may be expressed, are conceived to be gene- 
rated in a similar manner. In this way he obtained 
the ratio of the velocities or of the fluxiohs of 
quantities, and by the inverse process their Jluents or 
integrals. In the preceding pages we have chiefly 
adopted the views of Newton as extended and modi- 
fied by Maclaurin and d'Alembert. 

(8.) About the same period, and apparently without 
knowing what Newton had done, the celebrated Leib- 
nitz invented the Differential and Integral Calculus, 
which corresponds to the direct and inverse method of 
fluxions. According to the views of Leibnitz, quan^ 
tities are composed of other quantities diminishing 
in value with almost infinite rapidity, these latter 
quantities being termed InfinUesimals of different 
orders. Let (x-\-hy be expanded as follows: 

(x-^-hy = a^+naT-^h-^-n. ^^x'^h' + &c. 

Now, since x:h :: h: h^ :: A' : A', &c- it follows that 
if h be indefinitely small compared with x, h^ will be 
indefinitely small compared with A, A' indefinitely small 
compared with h\ &c. Hence, since the successive 
terms in the preceding or any similar developement 
are multiplied by A, A^ A^ &c. these terms will go on 
diminishing in such a manner, that each term will be 
indefinitely small compared with that which precedes it. 
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If these infinitesimals be neglected in the develope- 
ment of the difference between the two successive states 
of the function, we shall obviously arrive at the same 
result as taking the limit of that difference. The me- 
thods of Leibnitz and Newton, therefore, differ only in 
the notation and the peculiar modes of viewing the 
subject, or what is commonly called the Metaphysics 
of the Calculus. 

(9.) We have already noticed the mode of viewing 
the subject adopted by La Grange, in his profound 
works entitled "Le Calcul des Fonctions" and " Th6o- 
rie des Fonctions Analytiques," which, though full of 
interesting matter, are not sufficiently elementary for 
communicating the first principles of the science to 
youth. 

(10.) Though I have only mentioned the names of 
those whose writings had the most direct tendency 
towards the discovery of the principles of the calcu- 
lus, the names of Roberval, Fermat, and above all, 
Des Cartes, may be mentioned with distinction. Af- 
ter the discoveries of Newton and Leibnitz, those of 
Euler are second only as far as the first principle is 
concerned, but are no less important in extending the 
limits of the science and in giving form and consis- 
tency to the whole. The labours of the Bernoullis 
had also a powerful influence on the progress of this 
branch of Analysis. In our own country the writings 
of Taylor, Maclaurin, Emerson, and Simpson, may be 
mentioned as those which had the greatest effect in 
reducing the Fluxionary Calculus to a regular form 
and diffusing a taste for the science among English 
mathematicians. But I must close these remarks by 
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referring the inquisitive student for farther informa- 
tion to Montucla's ^< Histoire des Mathematiques/' or 
to the Preface to La Croix's large work, entitled 
" Traits du Calcul Differentiel et Integral." 



^HE END. 
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